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Outline

I will talk about Veselago lenses (or negative refraction) for : 

1) The electromagnetic field (photons)

2) Electrons in graphene pn junctions

3) Electrons and holes at  graphene/superconductor interfaces

4) Chiral electrons in 3D Weyl semimetals



I) Veselago lensing  with photons
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1. INTRODUCTION

J. HE dielectric constant e and the magnetic permea-
bility n are the fundamental characteristic quantities
which determine the propagation of electromagnetic
waves in matter. This is due to the fact that they are
the only parameters of the substance that appear in
the dispersion equation

-kikj = 0, (1)
which gives the connection between the frequency OJ
of a monochromatic wave and its wave vector k. In
the case of an isotropic substance, Eq. (1) takes a
simpler form:

(2)
Here n2 is the square of the index of refraction of
the substance, and is given by

ra^ep.. (3)

If we do not take losses into account and regard n, e,
and M as real numbers, it can be seen from (2) and
(3) that a simultaneous change of the signs of € and
ix has no effect on these relations. This situation can
be interpreted in various ways. First , we may admit
that the properties of a substance are actually not
affected by a simultaneous change of the signs of e
and ix. Second, it might be that for e and y. to be
simultaneously negative contradicts some funda-
mental laws of nature, and therefore no substance
with e < 0 and ix < 0 can exist. Finally, it could be
admitted that substances with negative e and \x have
some properties different from those of substances
with positive e and /x. As we shall see in what fol-
lows, the third case is the one that is realized. It
must be emphasized that there has not so far been
any experiment in which a substance with e < 0 and
ix < 0 could be observed. We can, however, at once
give a number of arguments as to where and how one
should look for such substances. Since in our opinion
the electrodynamics of substances with e < 0 and
ix < 0 is undoubtedly of interest, independently of our
now having such substances available, we shall at
first consider the matter purely formally. There-
after in the second part of this article we shall con-
sider questions connected with the physical realiza-
tion of substances with e < 0 and ix < 0.

II. THE PROPAGATION OF WAVES IN A SUBSTANCE
WITH e < 0 AND \x < 0. "RIGHT-HANDED" AND
"LEFT-HANDED" SUBSTANCES

To ascertain the electromagnetic laws essentially
connected with the sign of e and M» we must turn to
those relations in which e and \x appear separately,
and not in the form of their product, as in (1)—(3).
These relations are primarily the Maxwell equations
and the constitutive relations

t, 1 dB
rot E —

c dl
, „ 1 dB

rot H = - ,
c dt• = eE.

(4)"

(4')

For a plane monochromatic wave, in which all
quantities are proportional to e^kz-wt^ t n e expres-
sions (4) and (4') reduce to

(5)t[ kHJ- - -2 -
It c a n be s e e n a t o n c e f r o m t h e s e e q u a t i o n s t h a t if
e > 0 a n d n > 0 t h e n E, H, a n d k f o r m a r i g h t -
h a n d e d t r i p l e t of v e c t o r s , a n d if e < 0 a n d n < 0 t h e y
a r e a l e f t - h a n d e d se t . ' 1 - ' If w e i n t r o d u c e d i r e c t i o n
c o s i n e s f o r t h e v e c t o r s E, H, a n d k a n d d e n o t e t h e m
b y cq , fi{, a n d yi, r e s p e c t i v e l y , t h e n a w a v e p r o p a -
g a t e d in a g i v e n m e d i u m w i l l b e c h a r a c t e r i z e d b y t h e
m a t r i x ^

/<%! a2 a3\
G= Pi P2 P3J. (6)

\Yi Y2 Y.3/
T h e d e t e r m i n a n t of t h i s m a t r i x i s e q u a l t o +1 if t h e
v e c t o r s E, H, a n d k a r e a r i g h t - h a n d e d s e t , a n d - 1
if t h i s s e t i s l e f t - h a n d e d . D e n o t i n g t h i s d e t e r m i n a n t
b y p , w e c a n s a y t h a t p c h a r a c t e r i z e s t h e " r i g h t -
n e s s " of t h e g i v e n m e d i u m . T h e m e d i u m i s " r i g h t -
h a n d e d " if p = + 1 a n d " l e f t - h a n d e d " if p = - 1 . T h e
e l e m e n t s of t h e m a t r i x (6) s a t i s f y t h e r e l a t i o n

Gih = pAih. (7)

H e r e Ajj j i s t h e a l g e b r a i c c o m p l e m e n t of t h e e l e m e n t
F u r t h e r m o r e t h e e l e m e n t s of G a r e o r t h o -

*rot = curl.
t [kE] .kxE.
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Electromagnetic waves in maOer

Dispersion of an electromagnetic wave:

Veselago (1968) considered an hypothetical material where both dielectric 
constant and magnetic permeability are negative (in some frequency 
window)

Optical index n2 = ✏rµr
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<latexit sha1_base64="rbKW/snrAfM0KE3T4bJ9abxAeU0="></latexit><latexit sha1_base64="rbKW/snrAfM0KE3T4bJ9abxAeU0="></latexit><latexit sha1_base64="rbKW/snrAfM0KE3T4bJ9abxAeU0="></latexit><latexit sha1_base64="rbKW/snrAfM0KE3T4bJ9abxAeU0="></latexit>

µr < 0
<latexit sha1_base64="VrJ40uo2QkPeaebCnGfqUPiHE9c="></latexit><latexit sha1_base64="VrJ40uo2QkPeaebCnGfqUPiHE9c="></latexit><latexit sha1_base64="VrJ40uo2QkPeaebCnGfqUPiHE9c="></latexit><latexit sha1_base64="VrJ40uo2QkPeaebCnGfqUPiHE9c="></latexit>

k ^E = ! µ0µr H
<latexit sha1_base64="pNGv2VSPyag1aPwqhLQ8Ryonhxo="></latexit><latexit sha1_base64="pNGv2VSPyag1aPwqhLQ8Ryonhxo="></latexit><latexit sha1_base64="pNGv2VSPyag1aPwqhLQ8Ryonhxo="></latexit><latexit sha1_base64="pNGv2VSPyag1aPwqhLQ8Ryonhxo="></latexit>

k ^H = �! ✏0✏r E
<latexit sha1_base64="6bsVAyzJRYoWDYwVlgfVNj5LGjk="></latexit><latexit sha1_base64="6bsVAyzJRYoWDYwVlgfVNj5LGjk="></latexit><latexit sha1_base64="6bsVAyzJRYoWDYwVlgfVNj5LGjk="></latexit><latexit sha1_base64="6bsVAyzJRYoWDYwVlgfVNj5LGjk="></latexit>

R
<latexit sha1_base64="zeXsJ1fgoVCs3Hn0ILw6InGBcGk="></latexit><latexit sha1_base64="zeXsJ1fgoVCs3Hn0ILw6InGBcGk="></latexit><latexit sha1_base64="zeXsJ1fgoVCs3Hn0ILw6InGBcGk="></latexit><latexit sha1_base64="zeXsJ1fgoVCs3Hn0ILw6InGBcGk="></latexit>

Poynting vector oriented as :

R = E ^H
<latexit sha1_base64="qKYBeZxXbNCImc3JGKUgR1cVVDQ="></latexit><latexit sha1_base64="qKYBeZxXbNCImc3JGKUgR1cVVDQ="></latexit><latexit sha1_base64="qKYBeZxXbNCImc3JGKUgR1cVVDQ="></latexit><latexit sha1_base64="qKYBeZxXbNCImc3JGKUgR1cVVDQ="></latexit>

k
<latexit sha1_base64="iNPCwapwdkJ17O63P8xuHZNwWRQ="></latexit><latexit sha1_base64="iNPCwapwdkJ17O63P8xuHZNwWRQ="></latexit><latexit sha1_base64="iNPCwapwdkJ17O63P8xuHZNwWRQ="></latexit><latexit sha1_base64="iNPCwapwdkJ17O63P8xuHZNwWRQ="></latexit>



Veselago electrodynamics

k
<latexit sha1_base64="iNPCwapwdkJ17O63P8xuHZNwWRQ="></latexit><latexit sha1_base64="iNPCwapwdkJ17O63P8xuHZNwWRQ="></latexit><latexit sha1_base64="iNPCwapwdkJ17O63P8xuHZNwWRQ="></latexit><latexit sha1_base64="iNPCwapwdkJ17O63P8xuHZNwWRQ="></latexit>

E
<latexit sha1_base64="hmCcb5YQZLBY6P8JWRHcWi5I2iE="></latexit><latexit sha1_base64="hmCcb5YQZLBY6P8JWRHcWi5I2iE="></latexit><latexit sha1_base64="hmCcb5YQZLBY6P8JWRHcWi5I2iE="></latexit><latexit sha1_base64="hmCcb5YQZLBY6P8JWRHcWi5I2iE="></latexit>

H
<latexit sha1_base64="YSW8BuQaXraElt/vD3HNy7ccRJQ="></latexit><latexit sha1_base64="YSW8BuQaXraElt/vD3HNy7ccRJQ="></latexit><latexit sha1_base64="YSW8BuQaXraElt/vD3HNy7ccRJQ="></latexit><latexit sha1_base64="YSW8BuQaXraElt/vD3HNy7ccRJQ="></latexit>

k
<latexit sha1_base64="iNPCwapwdkJ17O63P8xuHZNwWRQ="></latexit><latexit sha1_base64="iNPCwapwdkJ17O63P8xuHZNwWRQ="></latexit><latexit sha1_base64="iNPCwapwdkJ17O63P8xuHZNwWRQ="></latexit><latexit sha1_base64="iNPCwapwdkJ17O63P8xuHZNwWRQ="></latexit>

E
<latexit sha1_base64="hmCcb5YQZLBY6P8JWRHcWi5I2iE=">AAACzXicjVHLSsNAFD2Nr1pfVZdugkVwVRIRdFkUwZ0V7APbIsl0WkPTTJhMhFLr1h9wq78l/oH+hXfGCGoRnZDkzLn3nJl7rx+HQaIc5yVnzczOzS/kFwtLyyura8X1jXoiUsl4jYlQyKbvJTwMIl5TgQp5M5bcG/ohb/iDYx1v3HCZBCK6UKOYd4ZePwp6AfMUUZe23fZF2B2fTK6KJafsmGVPAzcDJWSrKorPaKMLAYYUQ3 BEUIRDeEjoacGFg5i4DsbESUKBiXNMUCBtSlmcMjxiB/Tt066VsRHttWdi1IxOCemVpLSxQxpBeZKwPs028dQ4a/Y377Hx1Hcb0d/PvIbEKlwT+5fuM/O/Ol2LQg+HpoaAaooNo6tjmUtquqJvbn+pSpFDTJzGXYpLwswoP/tsG01iate99Uz81WRqVu9ZlpviTd+SBuz+HOc0qO+VXcLn+6XKUTbqPLawjV2a5wEqOEUVNfKO8IBHPFlnVmrdWncfqVYu02zi27Lu3wHxkJLZ</latexit><latexit sha1_base64="hmCcb5YQZLBY6P8JWRHcWi5I2iE=">AAACzXicjVHLSsNAFD2Nr1pfVZdugkVwVRIRdFkUwZ0V7APbIsl0WkPTTJhMhFLr1h9wq78l/oH+hXfGCGoRnZDkzLn3nJl7rx+HQaIc5yVnzczOzS/kFwtLyyura8X1jXoiUsl4jYlQyKbvJTwMIl5TgQp5M5bcG/ohb/iDYx1v3HCZBCK6UKOYd4ZePwp6AfMUUZe23fZF2B2fTK6KJafsmGVPAzcDJWSrKorPaKMLAYYUQ3 BEUIRDeEjoacGFg5i4DsbESUKBiXNMUCBtSlmcMjxiB/Tt066VsRHttWdi1IxOCemVpLSxQxpBeZKwPs028dQ4a/Y377Hx1Hcb0d/PvIbEKlwT+5fuM/O/Ol2LQg+HpoaAaooNo6tjmUtquqJvbn+pSpFDTJzGXYpLwswoP/tsG01iate99Uz81WRqVu9ZlpviTd+SBuz+HOc0qO+VXcLn+6XKUTbqPLawjV2a5wEqOEUVNfKO8IBHPFlnVmrdWncfqVYu02zi27Lu3wHxkJLZ</latexit><latexit sha1_base64="hmCcb5YQZLBY6P8JWRHcWi5I2iE=">AAACzXicjVHLSsNAFD2Nr1pfVZdugkVwVRIRdFkUwZ0V7APbIsl0WkPTTJhMhFLr1h9wq78l/oH+hXfGCGoRnZDkzLn3nJl7rx+HQaIc5yVnzczOzS/kFwtLyyura8X1jXoiUsl4jYlQyKbvJTwMIl5TgQp5M5bcG/ohb/iDYx1v3HCZBCK6UKOYd4ZePwp6AfMUUZe23fZF2B2fTK6KJafsmGVPAzcDJWSrKorPaKMLAYYUQ3 BEUIRDeEjoacGFg5i4DsbESUKBiXNMUCBtSlmcMjxiB/Tt066VsRHttWdi1IxOCemVpLSxQxpBeZKwPs028dQ4a/Y377Hx1Hcb0d/PvIbEKlwT+5fuM/O/Ol2LQg+HpoaAaooNo6tjmUtquqJvbn+pSpFDTJzGXYpLwswoP/tsG01iate99Uz81WRqVu9ZlpviTd+SBuz+HOc0qO+VXcLn+6XKUTbqPLawjV2a5wEqOEUVNfKO8IBHPFlnVmrdWncfqVYu02zi27Lu3wHxkJLZ</latexit><latexit sha1_base64="hmCcb5YQZLBY6P8JWRHcWi5I2iE=">AAACzXicjVHLSsNAFD2Nr1pfVZdugkVwVRIRdFkUwZ0V7APbIsl0WkPTTJhMhFLr1h9wq78l/oH+hXfGCGoRnZDkzLn3nJl7rx+HQaIc5yVnzczOzS/kFwtLyyura8X1jXoiUsl4jYlQyKbvJTwMIl5TgQp5M5bcG/ohb/iDYx1v3HCZBCK6UKOYd4ZePwp6AfMUUZe23fZF2B2fTK6KJafsmGVPAzcDJWSrKorPaKMLAYYUQ3 BEUIRDeEjoacGFg5i4DsbESUKBiXNMUCBtSlmcMjxiB/Tt066VsRHttWdi1IxOCemVpLSxQxpBeZKwPs028dQ4a/Y377Hx1Hcb0d/PvIbEKlwT+5fuM/O/Ol2LQg+HpoaAaooNo6tjmUtquqJvbn+pSpFDTJzGXYpLwswoP/tsG01iate99Uz81WRqVu9ZlpviTd+SBuz+HOc0qO+VXcLn+6XKUTbqPLawjV2a5wEqOEUVNfKO8IBHPFlnVmrdWncfqVYu02zi27Lu3wHxkJLZ</latexit>

H
<latexit sha1_base64="YSW8BuQaXraElt/vD3HNy7ccRJQ="></latexit><latexit sha1_base64="YSW8BuQaXraElt/vD3HNy7ccRJQ="></latexit><latexit sha1_base64="YSW8BuQaXraElt/vD3HNy7ccRJQ="></latexit><latexit sha1_base64="YSW8BuQaXraElt/vD3HNy7ccRJQ="></latexit>

Standard situation : Veselago situation :
✏r < 0

<latexit sha1_base64="4psnyYmMKDpiPzUDhYSt001Octc="></latexit><latexit sha1_base64="4psnyYmMKDpiPzUDhYSt001Octc="></latexit><latexit sha1_base64="4psnyYmMKDpiPzUDhYSt001Octc="></latexit><latexit sha1_base64="4psnyYmMKDpiPzUDhYSt001Octc="></latexit>✏r > 0
<latexit sha1_base64="u8cbFNq+JNjGr0p2s/gCEqqQoBc="></latexit><latexit sha1_base64="u8cbFNq+JNjGr0p2s/gCEqqQoBc="></latexit><latexit sha1_base64="u8cbFNq+JNjGr0p2s/gCEqqQoBc="></latexit><latexit sha1_base64="u8cbFNq+JNjGr0p2s/gCEqqQoBc="></latexit>

µr > 0
<latexit sha1_base64="rbKW/snrAfM0KE3T4bJ9abxAeU0="></latexit><latexit sha1_base64="rbKW/snrAfM0KE3T4bJ9abxAeU0="></latexit><latexit sha1_base64="rbKW/snrAfM0KE3T4bJ9abxAeU0="></latexit><latexit sha1_base64="rbKW/snrAfM0KE3T4bJ9abxAeU0="></latexit>

µr < 0
<latexit sha1_base64="VrJ40uo2QkPeaebCnGfqUPiHE9c="></latexit><latexit sha1_base64="VrJ40uo2QkPeaebCnGfqUPiHE9c="></latexit><latexit sha1_base64="VrJ40uo2QkPeaebCnGfqUPiHE9c="></latexit><latexit sha1_base64="VrJ40uo2QkPeaebCnGfqUPiHE9c="></latexit>

k ^E = ! µ0µr H
<latexit sha1_base64="pNGv2VSPyag1aPwqhLQ8Ryonhxo="></latexit><latexit sha1_base64="pNGv2VSPyag1aPwqhLQ8Ryonhxo="></latexit><latexit sha1_base64="pNGv2VSPyag1aPwqhLQ8Ryonhxo="></latexit><latexit sha1_base64="pNGv2VSPyag1aPwqhLQ8Ryonhxo="></latexit>

k ^H = �! ✏0✏r E
<latexit sha1_base64="6bsVAyzJRYoWDYwVlgfVNj5LGjk="></latexit><latexit sha1_base64="6bsVAyzJRYoWDYwVlgfVNj5LGjk="></latexit><latexit sha1_base64="6bsVAyzJRYoWDYwVlgfVNj5LGjk="></latexit><latexit sha1_base64="6bsVAyzJRYoWDYwVlgfVNj5LGjk="></latexit>

R
<latexit sha1_base64="zeXsJ1fgoVCs3Hn0ILw6InGBcGk="></latexit><latexit sha1_base64="zeXsJ1fgoVCs3Hn0ILw6InGBcGk="></latexit><latexit sha1_base64="zeXsJ1fgoVCs3Hn0ILw6InGBcGk="></latexit><latexit sha1_base64="zeXsJ1fgoVCs3Hn0ILw6InGBcGk="></latexit>

R
<latexit sha1_base64="zeXsJ1fgoVCs3Hn0ILw6InGBcGk="></latexit><latexit sha1_base64="zeXsJ1fgoVCs3Hn0ILw6InGBcGk="></latexit><latexit sha1_base64="zeXsJ1fgoVCs3Hn0ILw6InGBcGk="></latexit><latexit sha1_base64="zeXsJ1fgoVCs3Hn0ILw6InGBcGk="></latexit>

R = E ^H
<latexit sha1_base64="qKYBeZxXbNCImc3JGKUgR1cVVDQ="></latexit><latexit sha1_base64="qKYBeZxXbNCImc3JGKUgR1cVVDQ="></latexit><latexit sha1_base64="qKYBeZxXbNCImc3JGKUgR1cVVDQ="></latexit><latexit sha1_base64="qKYBeZxXbNCImc3JGKUgR1cVVDQ="></latexit>

�k
<latexit sha1_base64="ondKjEuV3+zB00n1K6OMpCz7+O0="></latexit><latexit sha1_base64="ondKjEuV3+zB00n1K6OMpCz7+O0="></latexit><latexit sha1_base64="ondKjEuV3+zB00n1K6OMpCz7+O0="></latexit><latexit sha1_base64="ondKjEuV3+zB00n1K6OMpCz7+O0="></latexit>

Poynting vector oriented as : k
<latexit sha1_base64="iNPCwapwdkJ17O63P8xuHZNwWRQ="></latexit><latexit sha1_base64="iNPCwapwdkJ17O63P8xuHZNwWRQ="></latexit><latexit sha1_base64="iNPCwapwdkJ17O63P8xuHZNwWRQ="></latexit><latexit sha1_base64="iNPCwapwdkJ17O63P8xuHZNwWRQ="></latexit>

Poynting vector oriented as :



Negative refraction of rays

ex ·Rtr > 0
<latexit sha1_base64="rhACQN0ffih8EiRR8mSZOq8dxeQ="></latexit><latexit sha1_base64="rhACQN0ffih8EiRR8mSZOq8dxeQ="></latexit><latexit sha1_base64="rhACQN0ffih8EiRR8mSZOq8dxeQ="></latexit><latexit sha1_base64="rhACQN0ffih8EiRR8mSZOq8dxeQ="></latexit>

Positive index material

Negative index material

Rinc
<latexit sha1_base64="CwUBKtVah5RLR/bxa9t8Rx19I5Y="></latexit><latexit sha1_base64="CwUBKtVah5RLR/bxa9t8Rx19I5Y="></latexit><latexit sha1_base64="CwUBKtVah5RLR/bxa9t8Rx19I5Y="></latexit><latexit sha1_base64="CwUBKtVah5RLR/bxa9t8Rx19I5Y="></latexit>

x
<latexit sha1_base64="TEqKRuQQHDu5w5iuGiEzpcITXA4="></latexit><latexit sha1_base64="TEqKRuQQHDu5w5iuGiEzpcITXA4="></latexit><latexit sha1_base64="TEqKRuQQHDu5w5iuGiEzpcITXA4="></latexit><latexit sha1_base64="TEqKRuQQHDu5w5iuGiEzpcITXA4="></latexit>

y
<latexit sha1_base64="wUHEEW/1Tl9c+LfGWRLE2s5R82A="></latexit><latexit sha1_base64="wUHEEW/1Tl9c+LfGWRLE2s5R82A="></latexit><latexit sha1_base64="wUHEEW/1Tl9c+LfGWRLE2s5R82A="></latexit><latexit sha1_base64="wUHEEW/1Tl9c+LfGWRLE2s5R82A="></latexit>

Conservation of  
interfacial wave vector

Outgoing-wave

ey · kinc = ey · ktr > 0
<latexit sha1_base64="TWagOvwi+W2r+iAA0hpCbzZfQI8="></latexit><latexit sha1_base64="TWagOvwi+W2r+iAA0hpCbzZfQI8="></latexit><latexit sha1_base64="TWagOvwi+W2r+iAA0hpCbzZfQI8="></latexit><latexit sha1_base64="TWagOvwi+W2r+iAA0hpCbzZfQI8="></latexit>



Negative refraction of rays

ex ·Rtr > 0
<latexit sha1_base64="rhACQN0ffih8EiRR8mSZOq8dxeQ="></latexit><latexit sha1_base64="rhACQN0ffih8EiRR8mSZOq8dxeQ="></latexit><latexit sha1_base64="rhACQN0ffih8EiRR8mSZOq8dxeQ="></latexit><latexit sha1_base64="rhACQN0ffih8EiRR8mSZOq8dxeQ="></latexit>

Positive index material

Negative index material

Rinc
<latexit sha1_base64="CwUBKtVah5RLR/bxa9t8Rx19I5Y="></latexit><latexit sha1_base64="CwUBKtVah5RLR/bxa9t8Rx19I5Y="></latexit><latexit sha1_base64="CwUBKtVah5RLR/bxa9t8Rx19I5Y="></latexit><latexit sha1_base64="CwUBKtVah5RLR/bxa9t8Rx19I5Y="></latexit>

Rtr
<latexit sha1_base64="AhP5o34L4Js6qQ1l5ft4Ez+uYCc="></latexit><latexit sha1_base64="AhP5o34L4Js6qQ1l5ft4Ez+uYCc="></latexit><latexit sha1_base64="AhP5o34L4Js6qQ1l5ft4Ez+uYCc="></latexit><latexit sha1_base64="AhP5o34L4Js6qQ1l5ft4Ez+uYCc="></latexit>

x
<latexit sha1_base64="TEqKRuQQHDu5w5iuGiEzpcITXA4="></latexit><latexit sha1_base64="TEqKRuQQHDu5w5iuGiEzpcITXA4="></latexit><latexit sha1_base64="TEqKRuQQHDu5w5iuGiEzpcITXA4="></latexit><latexit sha1_base64="TEqKRuQQHDu5w5iuGiEzpcITXA4="></latexit>

y
<latexit sha1_base64="wUHEEW/1Tl9c+LfGWRLE2s5R82A="></latexit><latexit sha1_base64="wUHEEW/1Tl9c+LfGWRLE2s5R82A="></latexit><latexit sha1_base64="wUHEEW/1Tl9c+LfGWRLE2s5R82A="></latexit><latexit sha1_base64="wUHEEW/1Tl9c+LfGWRLE2s5R82A="></latexit>

Conservation of  
interfacial wave vector

Outgoing-wave

ey · kinc = ey · ktr > 0
<latexit sha1_base64="TWagOvwi+W2r+iAA0hpCbzZfQI8="></latexit><latexit sha1_base64="TWagOvwi+W2r+iAA0hpCbzZfQI8="></latexit><latexit sha1_base64="TWagOvwi+W2r+iAA0hpCbzZfQI8="></latexit><latexit sha1_base64="TWagOvwi+W2r+iAA0hpCbzZfQI8="></latexit>
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Negative refraction of rays

ex ·Rtr > 0
<latexit sha1_base64="rhACQN0ffih8EiRR8mSZOq8dxeQ="></latexit><latexit sha1_base64="rhACQN0ffih8EiRR8mSZOq8dxeQ="></latexit><latexit sha1_base64="rhACQN0ffih8EiRR8mSZOq8dxeQ="></latexit><latexit sha1_base64="rhACQN0ffih8EiRR8mSZOq8dxeQ="></latexit>

Positive index material

Negative index material

Rinc
<latexit sha1_base64="CwUBKtVah5RLR/bxa9t8Rx19I5Y="></latexit><latexit sha1_base64="CwUBKtVah5RLR/bxa9t8Rx19I5Y="></latexit><latexit sha1_base64="CwUBKtVah5RLR/bxa9t8Rx19I5Y="></latexit><latexit sha1_base64="CwUBKtVah5RLR/bxa9t8Rx19I5Y="></latexit>

Rtr
<latexit sha1_base64="AhP5o34L4Js6qQ1l5ft4Ez+uYCc="></latexit><latexit sha1_base64="AhP5o34L4Js6qQ1l5ft4Ez+uYCc="></latexit><latexit sha1_base64="AhP5o34L4Js6qQ1l5ft4Ez+uYCc="></latexit><latexit sha1_base64="AhP5o34L4Js6qQ1l5ft4Ez+uYCc="></latexit>

x
<latexit sha1_base64="TEqKRuQQHDu5w5iuGiEzpcITXA4="></latexit><latexit sha1_base64="TEqKRuQQHDu5w5iuGiEzpcITXA4="></latexit><latexit sha1_base64="TEqKRuQQHDu5w5iuGiEzpcITXA4="></latexit><latexit sha1_base64="TEqKRuQQHDu5w5iuGiEzpcITXA4="></latexit>

y
<latexit sha1_base64="wUHEEW/1Tl9c+LfGWRLE2s5R82A="></latexit><latexit sha1_base64="wUHEEW/1Tl9c+LfGWRLE2s5R82A="></latexit><latexit sha1_base64="wUHEEW/1Tl9c+LfGWRLE2s5R82A="></latexit><latexit sha1_base64="wUHEEW/1Tl9c+LfGWRLE2s5R82A="></latexit>

Conservation of  
interfacial wave vector

Outgoing-wave

ey · kinc = ey · ktr > 0
<latexit sha1_base64="TWagOvwi+W2r+iAA0hpCbzZfQI8="></latexit><latexit sha1_base64="TWagOvwi+W2r+iAA0hpCbzZfQI8="></latexit><latexit sha1_base64="TWagOvwi+W2r+iAA0hpCbzZfQI8="></latexit><latexit sha1_base64="TWagOvwi+W2r+iAA0hpCbzZfQI8="></latexit>
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Flat lens focusing
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Even a single interface can focus a beam



Experiments: metamaterials

D.R. Smith, J.B. Pendry and M.C.K. Wiltshire, Science 2004

Cherenkov radiation from a charge passing
through the material is emitted in the opposite
direction to the charge’s motion rather than in
the forward direction (7).

The origin of this newly predicted behav-
ior can be traced to the distinction between
the group velocity, which characterizes the
flow of energy, and the phase velocity, which
characterizes the movement of the wave
fronts. In conventional materials, the group
and phase velocities are parallel. By contrast,
the group and phase velocities point in oppo-
site directions when ε ! 0 and " ! 0 (Fig. 2).

The reversal of phase and group velocity
in a material implies a simply stated but
profound consequence: The sign of the re-
fractive index, n, must be taken as negative.

After the early work of Veselago, interest
in negative index materials evaporated, be-
cause no known naturally occurring material
exhibits a frequency band with " ! 0 and
also possesses ε ! 0. The situation changed
in 2000, however, when a composite struc-
ture based on SRRs was introduced and
shown to have a frequency band over which ε
and " were both negative
(8). The negative " oc-
curred at frequencies above
the resonant frequency of
the SRR structure. The neg-
ative ε was introduced by
interleaving the SRR lattice
with a lattice of conducting
wires. A lattice of wires
possesses a cutoff frequen-
cy below which ε is nega-
tive (9); by choosing the pa-
rameters of the wire lattice
such that the cutoff frequen-
cy was significantly above
the SRR resonant frequen-
cy, the composite was made
to have an overlapping re-
gion where both ε and "
were negative. This prelim-

inary experiment showed that Veselago’s hy-
pothesis could be realized in artificial struc-
tures and kicked off the rapidly growing field
of negative index metamaterials.

Negative Refraction and
Subwavelength Resolution
Experimentally, the refractive index of a
material can be determined by measuring
the deflection of a beam as it enters or
leaves the interface to a material at an
angle. The quantitative statement of refrac-
tion is embodied in Snell’s law, which relates
the exit angle of a beam, #2, as measured with
respect to a line drawn perpendicular to the
interface of the material, to the angle of
incidence, #1, by the formula

sin(#1) $ nsin(#2)

The refractive index determines the
amount by which the beam is deflected. If
the index is positive, the exiting beam is
deflected to the opposite side of the surface
normal, whereas if the index is negative,
the exiting beam is deflected the same side
of the normal (Fig. 2).

In 2001, a Snell’s law experiment was per-
formed on a wedge-shaped metamaterial de-
signed to have a negative index of refraction at
microwave frequencies (10). In this experiment,
a beam of microwaves was directed onto the
flat portion of the wedge sample, passing
through the sample undeflected, and then re-
fracting at the second interface. The angular
dependence of the refracted power was then
measured around the circumference, establish-
ing the angle of refraction.

The result of the experiment (Fig. 3) in-
dicated quite clearly that the wedge sample
refracted the microwave beam in a manner
consistent with Snell’s law. Figure 3B shows
the detected power as a function of angle for
a Teflon wedge (n $ 1.5, blue curve) com-
pared to that of the NIM wedge (red curve).
The location of the peak corresponding to the

negative index material (NIM) wedge implies
an index of –2.7.

Although the experimental results ap-
peared to confirm that the metamaterial
sample possessed a negative refractive in-
dex, the theoretical foundation of negative
refraction was challenged in 2002 (11). It
was argued that the inherent frequency-
dispersive properties of negative index ma-
terials would prevent information-carrying
signals from truly being negatively refract-
ed. The theoretical issue was subsequently
addressed by several authors (12–14 ), who
concluded that, indeed, time-varying sig-
nals could also be negative refracted.

Since this first demonstration of nega-
tive refraction, two more Snell’s law exper-
iments have been reported, both using
metamaterial wedge samples similar in de-
sign to that used in the first demonstration.
These experiments have addressed aspects
not probed in the first experiment. In one of
the experiments, for example, spatial maps
of the electromagnetic fields were made as
a function of distance from the wedge to the
detector. In addition, wedge samples were
used with two different surface cuts to
confirm that the angle of refraction was
consistent with Snell’s law (15 ). In the
second of these experiments, the negatively
refracted beam was measured at much far-
ther distances from the wedge sample (16 ).
Moreover, in this latter experiment, the
metamaterial sample was carefully de-
signed such that material losses were min-
imized and the structure presented a better
impedance match to free space; in this
manner, much more energy was transmitted
through the sample, making the negatively
refracted beam easier to observe and much
less likely to be the result of any experi-
mental artifacts. These additional measure-
ments have sufficed to convince most that
materials with negative refractive index are
indeed a reality.

Fig. 2. Negative refraction in operation:
On the left, a ray enters a negatively
refracting medium and is bent the wrong
way relative to the surface normal, form-
ing a chevron at the interface. On the
right, we sketch the wave vectors: Nega-
tive refraction requires that the wave vec-
tor and group velocity (the ray velocity)
point in opposite directions.

A B

Fig. 3. (A) A negative index metamaterial formed by SRRs and wires deposited on opposite sides lithographically on
standard circuit board. The height of the structure is 1 cm. (B) The power detected as a function of angle in a Snell’s law
experiment performed on a Teflon sample (blue curve) and a negative index sample (red curve).
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Having established the reality of negative
refraction, we are now free to investigate other
phenomena related to negative index materials.
We quickly find that some of the most long-
held notions related to waves and optics must
be rethought! A key example is the case of
imaging by a lens. It is an accepted convention
that the resolution of an image is limited by the
wavelength of light used. The wavelength lim-
itation of optics imposes serious constraints on
optical technology: Limits to the density with
which DVDs can be written and the density
of electronic circuitry created by lithography
are manifestations of the wavelength limita-
tion. Yet, there is no fundamental reason why
an image should not be created with arbitrari-
ly high resolution. The wavelength limitation
is a result of the optical configuration of
conventional imaging.

Negative refraction by a slab of material
bends a ray of light back toward the axis
and thus has a focusing effect at the point
where the refracted rays meet the axis (Fig.
4A). It was recently observed (17 ) that a
negative index lens exhibits an entirely new
type of focusing phenomenon, bringing to-
gether not just the propagating rays but also
the finer details of the electromagnetic near
fields that are evanescent and do not prop-
agate (Fig. 4B). For a planar slab of nega-
tive index material under idealized condi-
tions, an image plane exists that contains a
perfect copy of an object placed on the oppo-
site side of the slab. Although realizable mate-
rials will never meet the idealized conditions,
nevertheless these new negative index concepts

show that subwavelength imaging is achiev-
able, in principle; we need no longer dismiss
this possibility from consideration.

This trick of including the high-resolution
but rapidly decaying part of the image is
achieved by resonant amplification of the fields.
Materials with either negative permittivity or
negative permeability support a host of surface
modes closely related to surface plasmons,
commonly observed at metal surfaces (6), and
it is these states that are resonantly excited. By
amplifying the decaying fields of a source, the
surface modes restore them to the correct am-
plitude in the image plane.

The term lens is a misnomer when describ-
ing focusing by negative index materials. Re-
cent work (18, 19) has shown that a more
accurate description of a negative index mate-
rial is negative space. To clarify, imagine a slab
of material with thickness d for which

ε ! –1 and ! " –1

Then, optically speaking, it is as if the slab
had grabbed an equal thickness of empty
space next to it and annihilated it. In effect,
the new lens translates an optical object a
distance 2d down the axis to form an image.

The concept of the “perfect lens” at first met
with considerable opposition (20, 21), but the
difficulties raised have been answered by clar-
ification of the concept and its limitations (22,
23), by numerical simulation (24, 25), and in
the past few months by experiments.

In a recent experiment, a two-dimensional
version of a negative index material has been
assembled from discrete elements arranged on a

planar circuit board (26). A detail of the exper-
iment (Fig. 4C) shows the location of a point
source and the expected location of the
image. Figure 4D shows the experimental
data, where the red curve is the measured
result and lies well within the green curve,
the calculated diffraction-limited result. A
more perfect system with reduced losses
would produce better focusing.

The conditions for the “perfect lens” are
rather severe and must be met rather accu-
rately (23). This is a particular problem at
optical frequencies where any magnetic ac-
tivity is hard to find. However, there is a
compromise that we can make if all the di-
mensions of the system are much less than
the wavelength: As stated earlier, over short
distances the electric and magnetic fields are
independent. We may choose to concentrate
entirely on the electric fields; in which case it
is only necessary to tune to ε " –1 and we
can ignore ! completely. This “poor man’s”
lens will focus the electrostatic fields, limited
only by losses in the system. Thus, it has been
proposed that a thin slab of silver a few
nanometers thick can act as a lens (17). Ex-
periments have shown amplification of light
by such a system in accordance with theoret-
ical predictions (27).

Photonic Crystals and Negative
Refraction
Metamaterials based on conducting elements
have been used to demonstrate negative re-
fraction with great success. However, the use
of conductors at higher frequencies, especial-
ly optical, can be problematic because of
losses. As an alternative, many researchers
have been investigating the potential of neg-
ative refraction in the periodic structures
known as photonic crystals (28). These ma-
terials are typically composed of insulators
and therefore can exhibit very low losses,
even at optical frequencies.

In photonic crystals, the size and period-
icity of the scattering elements are on the
order of the wavelength rather than being
much smaller. Describing a photonic crystal
as a homogeneous medium is inappropriate,
so it is not possible to define values of ε or !.
Nevertheless, diffractive phenomena in pho-
tonic crystals can lead to the excitation of
waves for which phase and group velocities
are reversed in the same manner as in nega-
tive index metamaterials. Thus, under the
right conditions, negative refraction can be
observed in photonic crystals.

In 2000, it was shown theoretically that
several photonic crystal configurations could
exhibit the same types of optical phenomena
predicted for negative index materials, in-
cluding negative refraction and imaging by a
planar surface (23).

Since then, several versions of photonic
crystals have been used to demonstrate neg-

Fig. 4. Perfect lensing in action: A slab of
negative material effectively removes an
equal thickness of space for (A) the far
field and (B) the near field, translating the
object into a perfect image. (C) Micro-
wave experiments by the Eleftheriades
group (26) demonstrate that subwave-
length focusing is possible, limited only
by losses in the system. (D) Measured
data are shown in red and compared to
the perfect results shown in blue. Losses
limit the resolution to less than perfect
but better than the diffraction limit
shown in green.
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3D metamaterial  
Smith (UC San Diego)

2D version of a flat lens

Elementary blocks = metallic resonators 

Artificial materials with subwavelengths structures

1 cm



Optics with electrons
Photons 

Suitable devices : Electronic lenses, beamspliOers, interferometers for electrons  

Dispersion Electronic band structure

Maxwell equations Schrödinger equation

Poynting vector Group velocity

Optical rays Semiclassical trajectories of electrons

Massless bosons Massive fermions with charge e

Non interacting e-e interactions 

3D Quasiparticles : 3D, 2D, 1D

Electrons in ballistic regime 

Polarizations Spin



II) Veselago lensing  with massless electrons 
in 2D graphene



Graphene band structure

The group velocity is the gradient of the (rich) dispersion relation

vg =
1

~rkE(k)
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where we have defined the effective NNN hopping amplitude
t0NNN ! tNNN " st and omitted the unimportant constant
"3tNNN in the second step. Therefore, the overlap corrections
simply yield a renormalization of the NNN hopping ampli-
tudes. The hopping amplitudes may be determined by fitting
the energy dispersion (21) obtained within the tight-binding
approximation to those calculated numerically in more so-
phisticated band-structure calculations (Partoens and Peeters,
2006) or to spectroscopic measurements (Mucha-Kruczyński
et al., 2008). These yield a value of t ’ "3 eV for the NN
hopping amplitude and t0NNN ’ 0:1t, which justifies the
above-mentioned expansion for t0NNN=t # 1. Note that this
fitting procedure does not allow for a distinction between the
‘‘true’’ NNN hopping amplitude tNNN and the contribution
from the overlap correction "st. We therefore omit this
distinction in the following discussion and drop the prime
on the effective NNN hopping amplitude, but one should keep
in mind that it is an effective parameter with a contribution
from NN overlap corrections.

c. Energy dispersion of ! electrons in graphene

The energy dispersion (21) is plotted in Fig. 5 for tNNN=t ¼
0:1. It consists of two bands, labeled by the index " ¼ %,
each of which contains the same number of states. Because
each carbon atom contributes one ! electron and each elec-
tron may occupy either a spin-up or a spin-down state, the
lower band with " ¼ " (the ! or valence band) is completely
filled and that with " ¼ þ (the !' or conduction band)
completely empty. The Fermi level is, therefore, situated at
the points, called Dirac points, where the ! band touches the
!' band. Note that only if tNNN ¼ 0 is the energy dispersion
(21) electron-hole symmetric, i.e., #"k ¼ "#""

k . This means
that NNN hopping and NN overlap corrections break the
electron-hole symmetry. The Dirac points are situated at the
points kD where the energy dispersion (21) is zero,

#"
kD ¼ 0: (22)

Equation (22) is satisfied when $kD ¼ 0, i.e., when

Re$kD ¼ 1þ cos
! ffiffiffi

3
p
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2
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3

p
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#

þ cos
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3
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2
ð"kDx þ

ffiffiffi
3

p
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#
¼ 0 (23)

and, equally,

Im$kD ¼ sin
! ffiffiffi

3
p
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2
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þ sin
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#
¼ 0: (24)

Equation (24) may be satisfied by the choice kDy ¼ 0, and
Eq. (23) is thus satisfied when

1þ 2 cos
$ ffiffiffi

3
p

a

2
kDx

%
¼ 0 ) kDx ¼ % 4!

3
ffiffiffi
3

p
a
: (25)

Comparison with Eq. (4) shows that there are thus two
inequivalent Dirac points D and D0, which are situated at
the points K and K0, respectively,

kD ¼ %K ¼ % 4!

3
ffiffiffi
3

p
a
ex: (26)

Although they are situated at the same position in the first
BZ, it is useful to make a clear conceptual distinction
between the Dirac points D and D0, which are defined as
the contact points between the two bands ! and !', and
the crystallographic points K and K0, which are defined
as the corners of the first BZ. There are indeed situations
where the Dirac points move away from the points K and
K0, as we discuss in Sec. I.D.

Note that the band Hamiltonian (8) respects time-reversal
symmetry, H k ¼ H '

"k, which implies #"k ¼ #k for the
dispersion relation. Therefore, if kD is a solution of #k ¼ 0,
so is "kD, and Dirac points thus necessarily occur in
pairs. In graphene, there is one pair of Dirac points, and
the zero-energy states are therefore doubly degenerate.
One speaks of a twofold valley degeneracy, which survives
when we consider low-energy electronic excitations that
are restricted to the vicinity of the Dirac points, as dis-
cussed in Sec. I.C.2.

d. Effective tight-binding Hamiltonian

Before considering the low-energy excitations and the
continuum limit, it is useful to define an effective tight-
binding Hamiltonian,

H k ! tNNNj$kj21þ t
0 $'

k

$k 0

 !
: (27)

Here 1 represents the 2* 2 one-matrix

1 ¼
1 0

0 1

 !
: (28)

This Hamiltonian effectively omits the problem of nonortho-
gonality of the wave functions by a simple renormalization of
the NNN hopping amplitude, as mentioned above. It is there-
fore simpler to treat than the original one (8), the eigenvalue

FIG. 5 (color online). Energy dispersion as a function of the wave-
vector components kx and ky, obtained within the tight-binding

approximation, for tNNN=t ¼ 0:1. The valence (!) band is distin-
guished from the conduction (!') band. The Fermi level is situated
at the points where the ! band touches the !' band. The energy is
measured in units of t and the wave vector in units of 1=a.

1198 M.O. Goerbig: Electronic properties of graphene in a strong . . .

Rev. Mod. Phys., Vol. 83, No. 4, October–December 2011

Structure de bandeMonocouches d’atomes de carbone

The inversion symmetry P switches the sublattice A and B, and therefore should transform the Pauli
matrices as:

P : (�1, �2, �3) ! (�1, ��2, ��3), (34)

while the time-reversal operation leaves invariant the sublattice but complex conjugates the wave functions
amplitudes, acting therefore as:

T : (�1, �2, �3) ! (�1, ��2, �3), (35)

Hence the inversion and time-reversal operations will be written as:

P = �1, T = �0Kc, (36)

where Kc is complex conjugation. It is important to note that this time-reversal operation obeys T
2 = 1

because we deal with spinless fermions. When the spin is included, the full time-reversal operation square
to �1 with Kramers degeneracy as a fundamental consequence. It is clear that the form of the symmetry
operations T and P depends on the fact that the Pauli matrices �i represent the sublattice isospin [?], and
not real electronic spin. In particular the expressions for T = �0Kc and P = �1 di↵er from the ones obtained
in particle physics (UT and UP in Sec. 2.2).

In order to discuss the stability of the Dirac points, we might investigate how a perturbation like d3(k)�3

transforms under application of P and T . Invariance under P, implies d3(k) = �d3(�k) while invariance
under T , implies d3(k) = �d3(�k). This means that such a perturbation breaks either inversion or time-
reversal symmetry, and we would study in detail the corresponding graphene insulators below (Sec. 4).

Now we can check that the Hamiltonian is invariant both under the time-reversal operation T and inversion
P:

T h0(k)T �1 = (d⇤
1(k)�1 � d

⇤
2(k)�2) = (d1(�k)�1 + d2(�k)�2) = h0(�k), (37)

Ph0(k)P�1 = �1 (d1(k)�1 + d2(k)�2) �1 = h0(�k), (38)

because the real functions d1(k) and d2(k) are respectively even and odd in momentum as shown by Eq.
(28).

Finally in the low energy e↵ective theory, representations gathering the valley and the sublattice isospins
are often used. Then one has to take into account that space inversion and time-reversal operations also
switch the valleys. For instance, in the representation c

†
a
(q) = (c†

AKc
†
BKc

†
A�Kc

†
B�K) introduced in 3.2, the

space inversion and time-reversal operations are four by four matrices:

P = �1⌧1, T = �0⌧1Kc, (39)

involving a supplementary Pauli matrix ⌧1 for the valley inversion.

4. Masses in graphene: Semenov, Haldane, Kane-Mele insulators

Semimetallic graphene exhibits robust massless Weyl-Dirac fermions protected as long as space inversion
and time-reversal symmetries are not broken. In this section we discuss how to generate gaps at the Dirac
points and emphasize the concept of mass in graphene. Owing to the sublattice isospin, distinct insulating
phases can be built (at least theoretically) by adding proper perturbations [?].

4.1. Two-band model

A mass term is a matrix that acts on the sublattice isospin and anticommutes with the Hamiltonian of
semimetallic graphene. When discussing the case of spinless fermions on a bipartite lattice, the only matrix
anticommuting with the ”velocity” matrices (�1 and �2 in Eq. (27)) is the third Pauli matrix �3. Due to the
simplicity of the model, there is no choice on the matrix, but there are still many di↵erent functions d3(k)
that can enter the Hamiltonian. Therefore the simplest and most generic model for spinless fermions on a
bipartite lattice is the two-band model:

h(k) = ✏0(k)�0 + d1(k)�1 + d2(k)�2 + d3(k)�3 = ✏0(k)�0 + d(k).�. (40)
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6
Department of Physics and Astronomy, California State University, Northridge, California 91330, USA

PACS numbers:

⇧⇠
= p+ ⇠�p (1)

k =
⇡

a
(2)

k = �⇡

a
(3)

A

B

�1

�2

�3

A

B

b1

b2

b3

✏(k) (4)

k = 0 (5)

� ~K (6)

E(~k) (7)

Here we consider noninteracting spinless fermions on the honeycomb lattice (including of spin is straightforward).

The triangular Bravais lattice rmn = ma1 + na2 is generated by the basis vectors:

a1 =

p
3aex and a2 =

p
3a

2
(ex +

p
3ey), (8)

and the vectors:

�1 =
a

2
(

p
3ex + ey), �2 =

a

2
(�

p
3ex + ey), �3 = �aey, (9)

connect any A atom to its three nearest B atoms, a0 = 0.142 nm being the length of the carbon-carbon bond. The

area of the unit cell is Ac = 3
p
3a

2
0/2.

Fractional topological phases and broken time reversal symmetry in strained graphene

Pouyan Ghaemi,
1, 2, 3, ⇤
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6
Department of Physics and Astronomy, California State University, Northridge, California 91330, USA

PACS numbers:

⇧⇠
= p+ ⇠�p (1)

k =
⇡

a
(2)

k = �⇡

a
(3)

A

B

�1

�2

�3

A

B

b1

b2

b3

✏(k) (4)

k = 0 (5)

� ~K (6)

E(~k) (7)

Here we consider noninteracting spinless fermions on the honeycomb lattice (including of spin is straightforward).

The triangular Bravais lattice rmn = ma1 + na2 is generated by the basis vectors:

a1 =

p
3aex and a2 =

p
3a

2
(ex +

p
3ey), (8)

and the vectors:

�1 =
a

2
(

p
3ex + ey), �2 =

a

2
(�

p
3ex + ey), �3 = �aey, (9)

connect any A atom to its three nearest B atoms, a0 = 0.142 nm being the length of the carbon-carbon bond. The

area of the unit cell is Ac = 3
p
3a

2
0/2.

Points de Dirac K and K’

where we have defined the effective NNN hopping amplitude
t0NNN ! tNNN " st and omitted the unimportant constant
"3tNNN in the second step. Therefore, the overlap corrections
simply yield a renormalization of the NNN hopping ampli-
tudes. The hopping amplitudes may be determined by fitting
the energy dispersion (21) obtained within the tight-binding
approximation to those calculated numerically in more so-
phisticated band-structure calculations (Partoens and Peeters,
2006) or to spectroscopic measurements (Mucha-Kruczyński
et al., 2008). These yield a value of t ’ "3 eV for the NN
hopping amplitude and t0NNN ’ 0:1t, which justifies the
above-mentioned expansion for t0NNN=t # 1. Note that this
fitting procedure does not allow for a distinction between the
‘‘true’’ NNN hopping amplitude tNNN and the contribution
from the overlap correction "st. We therefore omit this
distinction in the following discussion and drop the prime
on the effective NNN hopping amplitude, but one should keep
in mind that it is an effective parameter with a contribution
from NN overlap corrections.

c. Energy dispersion of ! electrons in graphene

The energy dispersion (21) is plotted in Fig. 5 for tNNN=t ¼
0:1. It consists of two bands, labeled by the index " ¼ %,
each of which contains the same number of states. Because
each carbon atom contributes one ! electron and each elec-
tron may occupy either a spin-up or a spin-down state, the
lower band with " ¼ " (the ! or valence band) is completely
filled and that with " ¼ þ (the !' or conduction band)
completely empty. The Fermi level is, therefore, situated at
the points, called Dirac points, where the ! band touches the
!' band. Note that only if tNNN ¼ 0 is the energy dispersion
(21) electron-hole symmetric, i.e., #"k ¼ "#""

k . This means
that NNN hopping and NN overlap corrections break the
electron-hole symmetry. The Dirac points are situated at the
points kD where the energy dispersion (21) is zero,

#"
kD ¼ 0: (22)

Equation (22) is satisfied when $kD ¼ 0, i.e., when

Re$kD ¼ 1þ cos
! ffiffiffi

3
p

a

2
ðkDx þ

ffiffiffi
3

p
kDy Þ

#

þ cos
! ffiffiffi

3
p
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2
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3

p
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#
¼ 0 (23)

and, equally,

Im$kD ¼ sin
! ffiffiffi

3
p

a

2
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3
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#

þ sin
! ffiffiffi

3
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2
ð"kDx þ

ffiffiffi
3

p
kDy Þ

#
¼ 0: (24)

Equation (24) may be satisfied by the choice kDy ¼ 0, and
Eq. (23) is thus satisfied when

1þ 2 cos
$ ffiffiffi

3
p

a

2
kDx

%
¼ 0 ) kDx ¼ % 4!

3
ffiffiffi
3

p
a
: (25)

Comparison with Eq. (4) shows that there are thus two
inequivalent Dirac points D and D0, which are situated at
the points K and K0, respectively,

kD ¼ %K ¼ % 4!

3
ffiffiffi
3

p
a
ex: (26)

Although they are situated at the same position in the first
BZ, it is useful to make a clear conceptual distinction
between the Dirac points D and D0, which are defined as
the contact points between the two bands ! and !', and
the crystallographic points K and K0, which are defined
as the corners of the first BZ. There are indeed situations
where the Dirac points move away from the points K and
K0, as we discuss in Sec. I.D.

Note that the band Hamiltonian (8) respects time-reversal
symmetry, H k ¼ H '

"k, which implies #"k ¼ #k for the
dispersion relation. Therefore, if kD is a solution of #k ¼ 0,
so is "kD, and Dirac points thus necessarily occur in
pairs. In graphene, there is one pair of Dirac points, and
the zero-energy states are therefore doubly degenerate.
One speaks of a twofold valley degeneracy, which survives
when we consider low-energy electronic excitations that
are restricted to the vicinity of the Dirac points, as dis-
cussed in Sec. I.C.2.

d. Effective tight-binding Hamiltonian

Before considering the low-energy excitations and the
continuum limit, it is useful to define an effective tight-
binding Hamiltonian,

H k ! tNNNj$kj21þ t
0 $'

k

$k 0

 !
: (27)

Here 1 represents the 2* 2 one-matrix

1 ¼
1 0

0 1

 !
: (28)

This Hamiltonian effectively omits the problem of nonortho-
gonality of the wave functions by a simple renormalization of
the NNN hopping amplitude, as mentioned above. It is there-
fore simpler to treat than the original one (8), the eigenvalue

FIG. 5 (color online). Energy dispersion as a function of the wave-
vector components kx and ky, obtained within the tight-binding

approximation, for tNNN=t ¼ 0:1. The valence (!) band is distin-
guished from the conduction (!') band. The Fermi level is situated
at the points where the ! band touches the !' band. The energy is
measured in units of t and the wave vector in units of 1=a.
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The inversion symmetry P switches the sublattice A and B, and therefore should transform the Pauli
matrices as:

P : (�1, �2, �3) ! (�1, ��2, ��3), (34)

while the time-reversal operation leaves invariant the sublattice but complex conjugates the wave functions
amplitudes, acting therefore as:

T : (�1, �2, �3) ! (�1, ��2, �3), (35)

Hence the inversion and time-reversal operations will be written as:

P = �1, T = �0Kc, (36)

where Kc is complex conjugation. It is important to note that this time-reversal operation obeys T
2 = 1

because we deal with spinless fermions. When the spin is included, the full time-reversal operation square
to �1 with Kramers degeneracy as a fundamental consequence. It is clear that the form of the symmetry
operations T and P depends on the fact that the Pauli matrices �i represent the sublattice isospin [?], and
not real electronic spin. In particular the expressions for T = �0Kc and P = �1 di↵er from the ones obtained
in particle physics (UT and UP in Sec. 2.2).

In order to discuss the stability of the Dirac points, we might investigate how a perturbation like d3(k)�3

transforms under application of P and T . Invariance under P, implies d3(k) = �d3(�k) while invariance
under T , implies d3(k) = �d3(�k). This means that such a perturbation breaks either inversion or time-
reversal symmetry, and we would study in detail the corresponding graphene insulators below (Sec. 4).

Now we can check that the Hamiltonian is invariant both under the time-reversal operation T and inversion
P:

T h0(k)T �1 = (d⇤
1(k)�1 � d

⇤
2(k)�2) = (d1(�k)�1 + d2(�k)�2) = h0(�k), (37)

Ph0(k)P�1 = �1 (d1(k)�1 + d2(k)�2) �1 = h0(�k), (38)

because the real functions d1(k) and d2(k) are respectively even and odd in momentum as shown by Eq.
(28).

Finally in the low energy e↵ective theory, representations gathering the valley and the sublattice isospins
are often used. Then one has to take into account that space inversion and time-reversal operations also
switch the valleys. For instance, in the representation c

†
a
(q) = (c†

AKc
†
BKc

†
A�Kc

†
B�K) introduced in 3.2, the

space inversion and time-reversal operations are four by four matrices:

P = �1⌧1, T = �0⌧1Kc, (39)

involving a supplementary Pauli matrix ⌧1 for the valley inversion.

4. Masses in graphene: Semenov, Haldane, Kane-Mele insulators

Semimetallic graphene exhibits robust massless Weyl-Dirac fermions protected as long as space inversion
and time-reversal symmetries are not broken. In this section we discuss how to generate gaps at the Dirac
points and emphasize the concept of mass in graphene. Owing to the sublattice isospin, distinct insulating
phases can be built (at least theoretically) by adding proper perturbations [?].

4.1. Two-band model

A mass term is a matrix that acts on the sublattice isospin and anticommutes with the Hamiltonian of
semimetallic graphene. When discussing the case of spinless fermions on a bipartite lattice, the only matrix
anticommuting with the ”velocity” matrices (�1 and �2 in Eq. (27)) is the third Pauli matrix �3. Due to the
simplicity of the model, there is no choice on the matrix, but there are still many di↵erent functions d3(k)
that can enter the Hamiltonian. Therefore the simplest and most generic model for spinless fermions on a
bipartite lattice is the two-band model:

h(k) = ✏0(k)�0 + d1(k)�1 + d2(k)�2 + d3(k)�3 = ✏0(k)�0 + d(k).�. (40)
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n-doped graphene

In n-doped graphene, the group velocity and the wave-vector like points in 
the same direction.
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p-doped graphene

In p-doped graphene, the group velocity and the wave-vector like points in 
opposite directions, like in a negative index medium
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(The same in any negatively-dispersing band)



pn junction

Interface (sharp or smooth) 
obtained by electrostatic GATING

E
<latexit sha1_base64="D+ZBQdrc6pQ47iF4kF+P9PgjDQg="></latexit><latexit sha1_base64="D+ZBQdrc6pQ47iF4kF+P9PgjDQg="></latexit><latexit sha1_base64="D+ZBQdrc6pQ47iF4kF+P9PgjDQg="></latexit><latexit sha1_base64="D+ZBQdrc6pQ47iF4kF+P9PgjDQg="></latexit>

kx
<latexit sha1_base64="QH9kwfylrc3pDxkOB4xzCJs4dcs="></latexit><latexit sha1_base64="QH9kwfylrc3pDxkOB4xzCJs4dcs="></latexit><latexit sha1_base64="QH9kwfylrc3pDxkOB4xzCJs4dcs="></latexit><latexit sha1_base64="QH9kwfylrc3pDxkOB4xzCJs4dcs="></latexit>

ky
<latexit sha1_base64="aXzMcZSJ5q7SR+OHbINEGbEZrnQ="></latexit><latexit sha1_base64="aXzMcZSJ5q7SR+OHbINEGbEZrnQ="></latexit><latexit sha1_base64="aXzMcZSJ5q7SR+OHbINEGbEZrnQ="></latexit><latexit sha1_base64="aXzMcZSJ5q7SR+OHbINEGbEZrnQ="></latexit>

k
<latexit sha1_base64="Z2Pql7cLZRCRMIEnj1IfEmTWJKA="></latexit><latexit sha1_base64="Z2Pql7cLZRCRMIEnj1IfEmTWJKA="></latexit><latexit sha1_base64="Z2Pql7cLZRCRMIEnj1IfEmTWJKA="></latexit><latexit sha1_base64="Z2Pql7cLZRCRMIEnj1IfEmTWJKA="></latexit> vg

<latexit sha1_base64="LOlDjkYznq7Sm0pj/IJIz60hTS8="></latexit><latexit sha1_base64="LOlDjkYznq7Sm0pj/IJIz60hTS8="></latexit><latexit sha1_base64="LOlDjkYznq7Sm0pj/IJIz60hTS8="></latexit><latexit sha1_base64="LOlDjkYznq7Sm0pj/IJIz60hTS8="></latexit>

kx
<latexit sha1_base64="QH9kwfylrc3pDxkOB4xzCJs4dcs="></latexit><latexit sha1_base64="QH9kwfylrc3pDxkOB4xzCJs4dcs="></latexit><latexit sha1_base64="QH9kwfylrc3pDxkOB4xzCJs4dcs="></latexit><latexit sha1_base64="QH9kwfylrc3pDxkOB4xzCJs4dcs="></latexit>

ky
<latexit sha1_base64="aXzMcZSJ5q7SR+OHbINEGbEZrnQ="></latexit><latexit sha1_base64="aXzMcZSJ5q7SR+OHbINEGbEZrnQ="></latexit><latexit sha1_base64="aXzMcZSJ5q7SR+OHbINEGbEZrnQ="></latexit><latexit sha1_base64="aXzMcZSJ5q7SR+OHbINEGbEZrnQ="></latexit>

vg
<latexit sha1_base64="LOlDjkYznq7Sm0pj/IJIz60hTS8="></latexit><latexit sha1_base64="LOlDjkYznq7Sm0pj/IJIz60hTS8="></latexit><latexit sha1_base64="LOlDjkYznq7Sm0pj/IJIz60hTS8="></latexit><latexit sha1_base64="LOlDjkYznq7Sm0pj/IJIz60hTS8="></latexit>

x
<latexit sha1_base64="TEqKRuQQHDu5w5iuGiEzpcITXA4="></latexit><latexit sha1_base64="TEqKRuQQHDu5w5iuGiEzpcITXA4="></latexit><latexit sha1_base64="TEqKRuQQHDu5w5iuGiEzpcITXA4="></latexit><latexit sha1_base64="TEqKRuQQHDu5w5iuGiEzpcITXA4="></latexit>

E
<latexit sha1_base64="D+ZBQdrc6pQ47iF4kF+P9PgjDQg="></latexit><latexit sha1_base64="D+ZBQdrc6pQ47iF4kF+P9PgjDQg="></latexit><latexit sha1_base64="D+ZBQdrc6pQ47iF4kF+P9PgjDQg="></latexit><latexit sha1_base64="D+ZBQdrc6pQ47iF4kF+P9PgjDQg="></latexit>

Fermi 
surface



Veselago lensing with electrons in graphene

n-doped graphene
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electron in CB

p-doped graphene
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tronics. In optics, transparent interfaces between
materials are used in lenses and prisms to
manipulate light beams. So far, interfaces have
played a rather different role in semiconductors,
where the central place was, for a long time,
occupied by the p-n junction (PNJ). As a result of
a depletion region near the contact between two
semiconductors with different types of charge
carriers (and a large energy gap), conventional
PNJs are not suitable for precision manipulation
of electron beams, which, if realized, may lead to
a new functionality in microelectronics. From
this perspective, a lot of promise is offered by the
recently discovered (1) two-dimensional (2D)
gapless semiconductor, graphene (2 ). Fine-tuning
of the carrier density in graphene by means of
electrical gates (3 –5 ) or doping of the under-
lying substrate (6 ) was demonstrated, thus
paving the way toward controllable ballistic
PNJs. On the one hand, the PNJ in graphene is
highly transparent for the charge carriers (7 , 8 ).
On the other, the transmission of electrons
through the p-n interface may resemble optical
refraction (9 ) at the surface of metamaterials
with negative refractive index (10 –12 ): The
straight interface is able to focus electric current,
whereas a ballistic stripe of p-type graphene
separating two n-type regions acts as a lens.

A feature of the band structure of graphene
[monolayer of graphite (2 , 13 )] is that its va-
lence band (p) and conduction band (p*) touch
each other. In the absence of doping, the Fermi
level in graphene is at the energy that belongs
to both bands and corresponds to the Bloch
states in the corners of the hexagonal Brillouin
zone of this 2D honeycomb crystal. For the
states with a small quasi-momentum ħk counted
from the corresponding corner of the Brillouin
zone, the dispersion e(k) and group velocity V =
de/d(ħk) of electrons are given by ec(k) = ħvk,
Vc = vk/k in conduction band and ev(k) = −ħvk,
Vv = −vk/k in valence band (ħ is Planck’s
constant, h/2p). Figure 1 illustrates such a
dispersion for electrons in n-type graphene
(on the left) and p-type graphene (on the right).
In a split-gate structure (Fig. 1), voltages ±U
applied to the two gates shift the degeneracy
point of the electron dispersion cones down
by ħvkc on the left and up by ħvkv on the right,
thus forming a PNJ separating the n-region with
the density of electrons re = k2c /p and the p-
region with the density of holes rh = k2v /p. Here,
kc(v) is the radius of the Fermi circle in the con-
duction (valence) band.

The transmission of charge through the PNJ
bears resemblance to the refraction of light by left-
handed metamaterials (10 –12 ) with refractive
index equal to −1. As a wave enters such a

material, the relative direction of its group velocity
V and the wave vector k of the wave reverses
from parallel (in vacuum) to antiparallel. There-
fore, upon refraction, the sign of the tangential
velocity component of the propagating wave
inverts, and the normal component remains the
same. As a result, rays that diverge in vacuum
become convergent after entering the metamaterial
(9 ). For electrons in the PNJ, the Fermi momen-
tum kc(v) plays the same role as the refractive
index in geometrical optics, with the sign deter-
mined by the type of band—positive for the con-
duction band and negative for the valence band.

Indeed, let us consider, in Figs. 2A and 3A,
a de Broglie wave of an electron approaching
the PNJ from the n-side with the velocity V =
(vcosqc,vsinqc) and the wave vector k =
(kccosqc,kcsinqc). At the interface, this wave is
partly reflected to the state with the wave vector
k′ = (−kccosqc,kcsinqc) and partly transmitted to
the valence band state with the velocity V =

(vcosqv,vsinqv) and the wave vector k =
(−kvcosqv,−kvsinqv) on the p-side. For a sharp
PNJ, the probability of the transmission is
cos2qc /cos

2(½qc + ½qv) (7 , 8 ). Because the
component of the electron momentum along a
straight interface should be conserved, kcsinqc =
−kvsinqv, which determines Snell's law for
transmitted electrons.

sinqc
sinqv

¼ −
kv
kc

≡ n ð1Þ

The negative sign of n in Eq. 1 implies that
the PNJ transforms a divergent flow of electrons
emitted by a source on the n-side into a con-
vergent flow on the p-side. This results in fo-
cusing (Fig. 2A) for a symmetric junction, rh =
re corresponding to n = −1. Under the latter con-
dition, electrons injected at (−a,0) in the n-region
at the Fermi energy meet again in a symmetric
spot at (a,0).
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Fig. 2. Focusing of elec-
trons by symmetric PNJ,
rh = re. (A) Classical
trajectories of electrons
diverging from a source
at distance a from the
junction become conver-
gent after refraction. (B)
Interference-induced pat-
tern in the charge cur-
rent near the focal image
of the source-contact. (C
and D) “Quantum mi-
rage” in graphene. LDOS
oscillations around the
image of a perturbation
applied on the other side
of PNJ, created by (C) a
small island of bilayer
and (D) potential of a
remote Coulomb charge.

Fig. 1. Graphene p-n
junction (PNJ). Monolayer
of graphite is placed over
the split gate, which is
used to create n- (left)
and p-doped (right) re-
gions. The energy dia-
gram shows the position
of the Fermi level with
respect to the touching
point of the valence and
the conduction bands.
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tronics. In optics, transparent interfaces between
materials are used in lenses and prisms to
manipulate light beams. So far, interfaces have
played a rather different role in semiconductors,
where the central place was, for a long time,
occupied by the p-n junction (PNJ). As a result of
a depletion region near the contact between two
semiconductors with different types of charge
carriers (and a large energy gap), conventional
PNJs are not suitable for precision manipulation
of electron beams, which, if realized, may lead to
a new functionality in microelectronics. From
this perspective, a lot of promise is offered by the
recently discovered (1) two-dimensional (2D)
gapless semiconductor, graphene (2 ). Fine-tuning
of the carrier density in graphene by means of
electrical gates (3 –5 ) or doping of the under-
lying substrate (6 ) was demonstrated, thus
paving the way toward controllable ballistic
PNJs. On the one hand, the PNJ in graphene is
highly transparent for the charge carriers (7 , 8 ).
On the other, the transmission of electrons
through the p-n interface may resemble optical
refraction (9 ) at the surface of metamaterials
with negative refractive index (10 –12 ): The
straight interface is able to focus electric current,
whereas a ballistic stripe of p-type graphene
separating two n-type regions acts as a lens.

A feature of the band structure of graphene
[monolayer of graphite (2 , 13 )] is that its va-
lence band (p) and conduction band (p*) touch
each other. In the absence of doping, the Fermi
level in graphene is at the energy that belongs
to both bands and corresponds to the Bloch
states in the corners of the hexagonal Brillouin
zone of this 2D honeycomb crystal. For the
states with a small quasi-momentum ħk counted
from the corresponding corner of the Brillouin
zone, the dispersion e(k) and group velocity V =
de/d(ħk) of electrons are given by ec(k) = ħvk,
Vc = vk/k in conduction band and ev(k) = −ħvk,
Vv = −vk/k in valence band (ħ is Planck’s
constant, h/2p). Figure 1 illustrates such a
dispersion for electrons in n-type graphene
(on the left) and p-type graphene (on the right).
In a split-gate structure (Fig. 1), voltages ±U
applied to the two gates shift the degeneracy
point of the electron dispersion cones down
by ħvkc on the left and up by ħvkv on the right,
thus forming a PNJ separating the n-region with
the density of electrons re = k2c /p and the p-
region with the density of holes rh = k2v /p. Here,
kc(v) is the radius of the Fermi circle in the con-
duction (valence) band.

The transmission of charge through the PNJ
bears resemblance to the refraction of light by left-
handed metamaterials (10 –12 ) with refractive
index equal to −1. As a wave enters such a

material, the relative direction of its group velocity
V and the wave vector k of the wave reverses
from parallel (in vacuum) to antiparallel. There-
fore, upon refraction, the sign of the tangential
velocity component of the propagating wave
inverts, and the normal component remains the
same. As a result, rays that diverge in vacuum
become convergent after entering the metamaterial
(9 ). For electrons in the PNJ, the Fermi momen-
tum kc(v) plays the same role as the refractive
index in geometrical optics, with the sign deter-
mined by the type of band—positive for the con-
duction band and negative for the valence band.

Indeed, let us consider, in Figs. 2A and 3A,
a de Broglie wave of an electron approaching
the PNJ from the n-side with the velocity V =
(vcosqc,vsinqc) and the wave vector k =
(kccosqc,kcsinqc). At the interface, this wave is
partly reflected to the state with the wave vector
k′ = (−kccosqc,kcsinqc) and partly transmitted to
the valence band state with the velocity V =

(vcosqv,vsinqv) and the wave vector k =
(−kvcosqv,−kvsinqv) on the p-side. For a sharp
PNJ, the probability of the transmission is
cos2qc /cos

2(½qc + ½qv) (7 , 8 ). Because the
component of the electron momentum along a
straight interface should be conserved, kcsinqc =
−kvsinqv, which determines Snell's law for
transmitted electrons.

sinqc
sinqv

¼ −
kv
kc

≡ n ð1Þ

The negative sign of n in Eq. 1 implies that
the PNJ transforms a divergent flow of electrons
emitted by a source on the n-side into a con-
vergent flow on the p-side. This results in fo-
cusing (Fig. 2A) for a symmetric junction, rh =
re corresponding to n = −1. Under the latter con-
dition, electrons injected at (−a,0) in the n-region
at the Fermi energy meet again in a symmetric
spot at (a,0).
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trajectories of electrons
diverging from a source
at distance a from the
junction become conver-
gent after refraction. (B)
Interference-induced pat-
tern in the charge cur-
rent near the focal image
of the source-contact. (C
and D) “Quantum mi-
rage” in graphene. LDOS
oscillations around the
image of a perturbation
applied on the other side
of PNJ, created by (C) a
small island of bilayer
and (D) potential of a
remote Coulomb charge.

Fig. 1. Graphene p-n
junction (PNJ). Monolayer
of graphite is placed over
the split gate, which is
used to create n- (left)
and p-doped (right) re-
gions. The energy dia-
gram shows the position
of the Fermi level with
respect to the touching
point of the valence and
the conduction bands.
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could extrapolate this dependence to obtain 3.8
hydrogen bonds for the CC-pol+NB model.
Thus, this model supports the standard picture
of water, wherein each molecule is on average
almost tetrahedrally coordinated, rather than the
lower coordination geometry proposed in (3, 5).
With the use of only the CC-pol pair potential,
the simulations gave a very large coordination
number, 11.9 (the extrapolated number of hy-
drogen bonds equal to 2.7). Hence, the many-
body interactions play an important role in
determining the structure of liquid water, partic-
ularly in predicting tetrahedral coordination.

The ab initio water pair potential developed
in this work recovers well a diverse range of
experimental data from water dimer to liquid
water. It predicts dimer spectra and second virial
coefficients that not only agree well with exist-
ing experimental data, but also can be con-
sidered to complement experiments in spectral or
temperature ranges inaccessible to measurement.
When the CC-pol potential together with an
earlier representation of three-body forces (18, 19)
was used in simulations of liquid water, the pre-
dictions agreed well with the neutron and x-ray
diffraction data. These predictions, made entirely
from first principles, are of comparable accuracy
to results of simulations with empirical potentials
fitted to liquid water experimental data.

We believe that the ab initio force field
presented here will find numerous applications in
predicting the properties of water. It can be used,
for example, to resolve the current controversies
about the coordination of water molecules in the
liquid (3–6). The analysis of the temporal struc-
tures in MD simulations should provide the ul-
timate picture of liquid water. The force field can
also be used to investigate the numerous poly-
morphic forms of ice. Important applications can

be made in extreme regimes where empirical
potentials fail completely, such as supercritical,
overcooled, or confined water.

Further improvements in the first-principles
predictions for water should take account of the
monomer flexibility and of quantum effects in
the liquid simulations. For the former case, the
first step has recently been attained (23). Quan-
tum effects in molecular simulations can be ac-
counted for by either path-integral MC or centroid
MD (25) methods.

References and Notes
1. K. Liu, J. Cruzan, R. Saykally, Science 271, 929 (1996).
2. J. K. Gregory, D. C. Clary, K. Liu, M. G. Brown, R. Saykally,

Science 275, 814 (1997).
3. Ph. Wernet et al., Science 304 , 995 (2004); published

online 1 April 2004 (10.1126/science.1096205).
4. J. D. Smith et al., Science 306, 851 (2004).
5. A. Nilsson et al., Science 308, 793a (2005).
6. J. D. Smith et al., Science 308, 793b (2005).

7. D. Laage, J. T. Hynes, Science 311, 832 (2006); published
online 25 January 2006 (10.1126/science.1122154).

8. J. VandeVondele et al., J. Chem. Phys. 122, 014515 (2005).
9. M. Sharma, Y. Wu, R. Car, Int. J. Quantum Chem. 95, 821

(2003).
10. M. Allesch, E. Schwegler, F. Gygi, G. Galli, J. Chem. Phys.

120, 5192 (2004).
11. C. Millot, A. J. Stone, Mol. Phys. 77, 439 (1992).
12. E. M. Mas et al., J. Chem. Phys. 113, 6687 (2000).
13. C. J. Burnham, S. S. Xantheas, J. Chem. Phys. 116, 1500

(2002).
14. C. J. Burnham, S. S. Xantheas, J. Chem. Phys. 116, 5115

(2002).
15. G. S. Fanourgakis, S. S. Xantheas, J. Phys. Chem. A 110,

4100 (2006).
16. R. Bukowski, K. Szalewicz, G. C. Groenenboom, A. van der

Avoird, J. Chem. Phys. 125, 044301 (2006).
17. G. S. Tschumper et al., J. Chem. Phys. 116, 690 (2002).
18. E. M. Mas, R. Bukowski, K. Szalewicz, J. Chem. Phys. 118,

4386 (2003).
19. E. M. Mas, R. Bukowski, K. Szalewicz, J. Chem. Phys. 118,

4404 (2003).
20. R. S. Fellers, C. Leforestier, L. B. Braly, M. G. Brown,

R. J. Saykally, Science 284 , 945 (1999).
21. G. C. Groenenboom et al., J. Chem. Phys. 113, 6702 (2000).
22. R. S. Fellers, L. B. Braly, R. J. Saykally, C. Leforestier,

J. Chem. Phys. 110, 6306 (1999).
23. K. Szalewicz, G. Murdachaew, R. Bukowski, O. Akin-Ojo,

C. Leforestier, in Lecture Series on Computer and
Computational Science: ICCMSE 2006, G. Maroulis,
T. Simos, Eds. (Brill Academic, Leiden, Netherlands,
2006), vol. 6, pp. 482–491.

24. A. H. Harvey, E. W. Lemmon, J. Phys. Chem. Ref. Data 33,
369 (2004).

25. L. Hernández de la Peña, P. G. Kusalik, J. Chem. Phys.
121, 5992 (2004).

26. W. L. Jorgensen, J. Chandrasekhar, J. D. Madura,
R. W. Impey, M. L. Klein, J. Chem. Phys. 79, 926 (1983).

27. N. Goldman, C. Leforestier, R. J. Saykally, Philos. Trans.
R. Soc. London Ser. A 363, 493 (2005).

28. W. L. Jorgensen, J. Chem. Phys. 77, 4156 (1982).
29. R. Mills, J. Phys. Chem. 77, 685 (1973).
30. A. K. Soper, Chem. Phys. 258, 121 (2000).
31. F. N. Keutsch, N. Goldman, H. A. Harker, C. Leforestier,

R. J. Saykally, Mol. Phys. 101, 3477 (2003).
32. F. N. Keutsch et al., J. Chem. Phys. 119, 8927 (2003).
33. S. Kuwajima, A. Warshel, J. Phys. Chem. 94 , 460 (1990).
34. N. Goldman et al., J. Chem. Phys. 116, 10148 (2002).
35. C. Leforestier, F. Gatti, R. Fellers, R. Saykally, J. Chem.

Phys. 117, 8710 (2002).
36. We thank C. Leforestier for many discussions of the water

dimer spectra. Supported by NSF grants CHE-0239611
and CHE-0555979.

16 October 2006; accepted 26 January 2007
10.1126/science.1136371

The Focusing of Electron Flow
and a Veselago Lens in Graphene
p-n Junctions
Vadim V. Cheianov,1* Vladimir Fal‘ko,1 B. L. Altshuler2,3

The focusing of electric current by a single p-n junction in graphene is theoretically predicted.
Precise focusing may be achieved by fine-tuning the densities of carriers on the n- and p-sides of
the junction to equal values. This finding may be useful for the engineering of electronic lenses
and focused beam splitters using gate-controlled n-p-n junctions in graphene-based transistors.

There are many similarities between optics
and electronics. Rays in geometrical optics
are analogous to classical trajectories of

electrons, whereas electron de Broglie waves can

interfere. The electron microscope is one example
of the technological implementation of this
similarity. The analogy with optics may also hold
considerable potential for semiconductor elec-

Fig. 3. Atom-atom radial distribution functions from MD simulations based on the CC-pol potential. See
text for explanations of acronyms. The experimental curves are from (30).
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could extrapolate this dependence to obtain 3.8
hydrogen bonds for the CC-pol+NB model.
Thus, this model supports the standard picture
of water, wherein each molecule is on average
almost tetrahedrally coordinated, rather than the
lower coordination geometry proposed in (3, 5).
With the use of only the CC-pol pair potential,
the simulations gave a very large coordination
number, 11.9 (the extrapolated number of hy-
drogen bonds equal to 2.7). Hence, the many-
body interactions play an important role in
determining the structure of liquid water, partic-
ularly in predicting tetrahedral coordination.

The ab initio water pair potential developed
in this work recovers well a diverse range of
experimental data from water dimer to liquid
water. It predicts dimer spectra and second virial
coefficients that not only agree well with exist-
ing experimental data, but also can be con-
sidered to complement experiments in spectral or
temperature ranges inaccessible to measurement.
When the CC-pol potential together with an
earlier representation of three-body forces (18, 19)
was used in simulations of liquid water, the pre-
dictions agreed well with the neutron and x-ray
diffraction data. These predictions, made entirely
from first principles, are of comparable accuracy
to results of simulations with empirical potentials
fitted to liquid water experimental data.

We believe that the ab initio force field
presented here will find numerous applications in
predicting the properties of water. It can be used,
for example, to resolve the current controversies
about the coordination of water molecules in the
liquid (3–6). The analysis of the temporal struc-
tures in MD simulations should provide the ul-
timate picture of liquid water. The force field can
also be used to investigate the numerous poly-
morphic forms of ice. Important applications can

be made in extreme regimes where empirical
potentials fail completely, such as supercritical,
overcooled, or confined water.

Further improvements in the first-principles
predictions for water should take account of the
monomer flexibility and of quantum effects in
the liquid simulations. For the former case, the
first step has recently been attained (23). Quan-
tum effects in molecular simulations can be ac-
counted for by either path-integral MC or centroid
MD (25) methods.
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The Focusing of Electron Flow
and a Veselago Lens in Graphene
p-n Junctions
Vadim V. Cheianov,1* Vladimir Fal‘ko,1 B. L. Altshuler2,3

The focusing of electric current by a single p-n junction in graphene is theoretically predicted.
Precise focusing may be achieved by fine-tuning the densities of carriers on the n- and p-sides of
the junction to equal values. This finding may be useful for the engineering of electronic lenses
and focused beam splitters using gate-controlled n-p-n junctions in graphene-based transistors.

There are many similarities between optics
and electronics. Rays in geometrical optics
are analogous to classical trajectories of

electrons, whereas electron de Broglie waves can

interfere. The electron microscope is one example
of the technological implementation of this
similarity. The analogy with optics may also hold
considerable potential for semiconductor elec-

Fig. 3. Atom-atom radial distribution functions from MD simulations based on the CC-pol potential. See
text for explanations of acronyms. The experimental curves are from (30).
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In an asymmetric junction (Fig. 3A) for, e.g.,
n = −0.82, which corresponds to rh/re = 0.67, a
sharp focus transforms into a pair of caustics
that coalesce in a cusp—a singularity in the
density of classical trajectories. Similar singu-
larities in ray and wave optics were investigated
and classified (14) with general catastrophe
theory (15). Ballistic trajectories of electrons in
the p-region of an asymmetric PNJ are rays y =
atanqc + xtanqv, where qv is related to qc by
Eq. 1. The condition for a singularity, ∂y/∂qc =
0, determines the form of caustics ycaust(x) as
well as the position xcusp of the cusp.

ycaustðxÞ ¼ T

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
ðx2=3 − x

2=3
cuspÞ3

n2 − 1

s

, xcusp ¼ jnja ð2Þ

To detect focusing by a single flat interface in
graphene, one can use a small electric contact as
a source of electrons while another local probe
located on the p-side plays the role of a
detector. Electric conductance between the
two contacts would reflect the probability for
a carrier to get from the source to the probe.
When the concentration of carriers is low, their
de Broglie wavelength is big enough to en-
visage contacts smaller than the wavelength.
To study electron transmission in a phase-
coherent system between contacts of such a
small size, the above-described classical picture
should be complemented with the analysis of
quantum interference pattern of electron de
Broglie waves. Figures 2B and 3B show the
result of full quantum mechanical calculations of
the current of electrons emitted at (−a,0) and
detected by a point contact near the focal point in
the symmetric PNJ (Fig. 2B) and in the vicinity
of a cusp (Eq. 2) that appears when the sym-
metry rh = re is lifted off (Fig. 3B). The
calculation was performed by applying the
Kubo formula to the single-particle Dirac-like
Hamiltonian (2, 7, 8) of electrons in graphene. It
is assumed that the sample is ballistic, that is,
that both the elastic and inelastic mean free path
of electrons is larger than the typical size of the
structure. Around, but not too close to the fo-
cus (kvr >> 1), the analytically calculated current

is j ~ (x − a)2/r3 [r ¼
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
ðx − aÞ2 þ y2

q
stands for

the distance from the probe to the focus]. The
anisotropy of the current distribution is caused by
the dependence of the transmission coefficient
on the incidence angle and is smeared at shorter
distances kvr < 1. The current map calculated
in the vicinity of the cusp for rh ≠ re shows
characteristic patterns described by the canon-
ical diffraction function for this type of wave
catastrophe (14). The maximum of the current
would be when the probe is at the tip of the
cusp, (|n|a,0). The width y% of the bright spot
near the cusp (Fig. 3B) or the focus (Fig. 2A)
in the y direction can be estimated as y%kv ~
max[1,(½akc|n

−1 − n|)¼]. For a junction with
|n| > 1 (rh > re), the pattern near the cusp is

mirror-reflected as compared with that shown in
Fig. 3B for |n| < 1.

It has been discovered (16) in the scanning
tunneling microscopy (STM) studies of ellipti-
cally shaped corals on the surface of copper that
the presence of an impurity at one focus of the
ellipse is reflected by the STM map in the
vicinity of the other focus. Therefore, oscilla-
tions of the local density of states of electrons
formed around a static local perturbation (17)
can be replicated through focusing by a care-
fully engineered fence of atoms. Similarly, fo-
cusing of electrons by a sharp PNJ in graphene
could create a “mirage” that mimics the effect of

a perturbation on the opposite side of the n-p
interface. Consider, for example, a small island
of a bilayer (5, 18), which locally distinguishes
between two sublattices (A and B) of the honey-
comb lattice for electrons in the surrounding
sheet [due to Bernal stacking of two adjacent
monolayers (19, 20)]. It induces a change in the
local electron density of states (LDOS), which is
different on sublattices A and B. The long-range
oscillations of the alternating LDOS can be
detected, with STM, as a difference of djA-B ~
jð0ÞA-Bsin(2kr)/r between the tunneling current
from the STM tip to the A and B sites. Figure
2C shows the results (obtained with the Green’s

Fig. 3. Wave singular-
ities in an asymmetric
PNJ, rh/re = 0.67. (A)
Formation of caustics
by refracted waves. (B)
Characteristic interfer-
ence pattern for the cur-
rent near the cusp. (C
and D) LDOS oscillations
(in the region between
caustics) created by (C) a
small island of bilayer
and (D) a remote Cou-
lomb charge on the oth-
er side of PNJ.

Fig. 4. (A) Electron
Veselago lens and (B
and C) prism-shaped
focusing beam splitter in
the ballistic n-p-n junc-
tion in graphene-based
transistor.
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Experimental realization 
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Observation of negative refraction of Dirac
fermions in graphene
Gil-Ho Lee†, Geon-Hyoung Park and Hu-Jong Lee*
Half a century ago, Veselago1 proposed ‘left-handed’ materials
with negative permittivity and permeability, in which waves
propagate with phase and group velocities in opposite
directions. Significant work has been undertaken to attain
this left-handed response, such as establishing a negative
refractive index in so-called metamaterials, which consist of
periodic sub-wavelength structures2–4. However, an electronic
counterpart has not been demonstrated owing to di�culties
in creating repeated structures smaller than the electronic
Fermi wavelength of the order ⇠10 nm. Here, without needing
to engineer sub-wavelength structures, we demonstrate
negative refractive behaviour of Dirac fermions in graphene,
exploiting its unique relativistic band structure5. Analysis of
both electron focusing through an n–p–n flat lens and negative
refraction across n–p junctions confirms left-handed behaviour
in the electronic system. This approach to electronic optics is
of particular relevance to the on-going e�orts to develop novel
quantum devices with emerging6 layered materials.

Owing to their wave nature, electrons follow the laws of
optics when their mean free path and phase coherence length
are larger than the system size. So far, electron optics has been
demonstrated mostly in conventional two-dimensional electron gas
(2DEG) systems such as interferometers or electrostatic lenses7.
Graphene can provide an attractive platform for studying the
unique electronic optics of Dirac fermions owing to its gapless and
linear dispersion. Cheianov et al.5 proposed the interesting idea
that transparent ballistic n–p junctions of graphene can exhibit
negative refractive behaviour with electrostatic gates providing
control of local doping (Fig. 1a). This is a fundamentally
di�erent approach from the conventional one utilizing periodic
sub-wavelength structures in metamaterials. In this approach,
negative refraction is observed because the wavevector (k) and
the group velocity [vg =dE(k)/d(h̄k)] of carriers are parallel or
antiparallel to each other, depending on whether the carriers are
electron-like [E(k)= h̄vk] or hole-like [E(k)=�h̄vk], respectively.
When an electronic wave enters an n–p junction, the tangential
component of vg is reversed to conserve the tangential component of
k(ki sin✓i =�kr sin✓r), whereas the perpendicular component of vg
itself is preserved (Fig. 1b). As a consequence, the refraction follows
Snell’s law with a negative reflective index n, where

n⌘ sin✓i

sin✓r
=�kr

ki
(1)

Here, n is defined as the relative refractive index of the p-doped
region compared to the n-doped region. A vanishing bandgap, a
distinct property of graphene, is an essential component of the
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Figure 1 | Negative refraction in graphene p–n junctions. a, Band structure
of graphene and the dispersion relation of the wavevector (k) and the group
velocity (Vg) for the electron-doped (n) and hole-doped (p) states. Red
(blue) circles represent electron-(hole-)like quasiparticles. b, Negative
refraction across the n–p junction. c, Schematic of Veselago lens with
current trajectories under a focusing condition, where spreading electrons
from the port IN are refocused on port 2. d, Scanning electron microscopy
image of the Veselago lens device taken before attaching the top gate
bridge connection. Orange, turquoise and yellow colours represent the
Cr/Au electrodes, the boron nitride (BN)/graphene/BN stack and the Cr/Au
top gate, respectively.

e�ect, because it facilitates transparent p–n junctions for electron
optics; in contrast a semiconducting 2DEG results in impermeable
p–n junctions due to the depletion region. Although graphene p–n
junctions have been extensively studied8–15, with clear evidence of
Klein tunnelling16,17, negative refraction has not been confirmed
clearly, owing either to the di�usive nature of the carriers or because
the p–n potential barrier was smoother than the electronic Fermi
wavelength, �F (=2⇡/k⇠ a few tens of nm).

We fabricated a graphene-based flat lens device1,18 (or a Veselago
lens) consisting of two successive n–p and p–n junctions, as shown
in Fig. 1c,d. The constriction at each corner is analogous to a
single slit in optics and ensures the injected electronic waves have
a wide angular distribution, which resembles that of a Fraunhofer
di�raction pattern (see Methods and Supplementary Figs 1 and 2).
When the focusing condition (n= �b/a) is met, electron beams
from the IN port are negatively refracted successively through two
n–p and p–n junctions, and then refocused at the OUT port.
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Figure 2 | Current focusing of graphene-based Veselago lens. a, VT dependence of I2 with positive (upper panel) and negative (lower panel) values of VB
at temperature T= 100 K. Inverted red triangles indicate the current enhancement peak of each trace. Thicker black lines represent the background without
the current enhancement peak. b, Background-subtracted current 1I= I2 � I2 (VB =5.5 for VB >0 in the upper panel; VB =�9.5 V for VB <0 in the lower
panel) as a function of VT. Traces are separated in steps of VB =0.2 V, with an arbitrary o�set for clarity. Every fifth trace is emphasized with a thicker line.
Red triangles indicate the current enhancement peaks and red lines are the boundaries beyond which current enhancement vanishes. c, Relationship
between VT and VB of the current enhancement peaks (symbols) with linear fitting lines (black lines). Error bars denote the uncertainty of the peak position
due to fluctuations of 1I. The solid red line represents the simulation result. Inset: simulated focusing current with a colour scale from blue (0 nA) to red
(40 nA). d, Simulation of the focusing current, I, for VB <0 with specularity parameter ↵=20 (left panel) and infinite ↵ (right panel). In the left panel, each
curve was o�set by a step of 2 nA from bottom to top for a clearer comparison with the lower panel of b.

Monolayer graphene was encapsulated in insulating and atomically
flat boron nitride (BN) crystals to achieve the characteristic
ballistic nature of graphene (see Methods and Supplementary
Fig. 3). The top local gate voltage (V 0

T) and bottom global gate
voltage (VB) enabled in situ control of the refractive index. A thin
top BN layer (thickness⇠ 14 nm) provided sharp p–n junctions
with a characteristic sharpness of d ⇠ 12 nm (see Methods and
Supplementary Fig. 4).

The geometric asymmetry (a = 600 nm, b = 720 nm) is
exaggerated in the schematic shown in Fig. 1c. Each corner with
a narrow constriction (width w ⇠ 100 nm) was connected to the
Cr/Au metal electrode. In situ etching of the graphene just before
metal deposition was implemented to form a highly transparent
contact. This geometry led to a negative van der Pauw resistivity at
temperature T =4.2 K, confirming ballistic transport. The mobility
and the mean free path were estimated to be 120,000 cm2 V�1 s�1

and 1.7 µm at VB =VT =�20V (see Supplementary Fig. 5). A bias
current was injected (Ibias = 500 nA), and the drain currents at the
other three ports were measured simultaneously as a function of
V 0

T and VB. The compensated top gate voltage VT = �V 0
T + VB,

and VB determined the carrier densities ⇢T = k2/⇡ = ⌘VT and
⇢B = ⌘VB of the top- and back-gated regions, respectively, with
⌘⇠7.2⇥10�2 cm�2 V�1. The ratio of top to bottom gate e�ciency,
� =21.0, was determined using the values of V 0

T and VB at the Dirac
points. Independent control of VT and VB allowed exploration of a
range of values of n= sgn(VT ·VB)

p
VT/VB for both polarities. The

drain current at port 2, I2, taken at 100K is plotted as a function
of VT in Fig. 2a. Near VT =0, where the top-gated region becomes
most resistive, a greater current tends to flow towards ports 1 or
3 rather than port 2, resulting in a decrease of I2 at all values of
VB (see Supplementary Fig. 6). On top of the background, each

trace for VT for di�erent values of VB exhibits a current focusing
peak (red triangles) only in the bipolar regimes of n–p–n and
p–n–p. As VB moves away from the Dirac point, the focusing peaks
become smaller and broader, and are eventually obscured by the
background signal. This happens as �F becomes much shorter than
d forVB,T away from the Dirac point, resulting in increased electron
reflection at the p–n boundaries19,20. After subtracting the data in
this regime as a background signal, the gate dependence of the
peak positions and widths becomes more conspicuous (Fig. 2b).
Current focusing peaks shift linearly with VB for negative values of
VT/VB. This confirms that they originate from electron focusing
through the p–n boundaries with a negative value of n, rather than
any sample-specific doping inhomogeneity. The focusing condition
is estimated to be n=�b/a=�1.20 for our device geometry. This
value agrees well with the observations: nnpn =�1.35 (for n–p–n)
and npnp = �1.20 (for p–n–p), as shown in Fig. 2c. The solid red
line represents the numerical simulation result of a classical particle
tracing with geometric parameters; a, b, w and d (see Methods
and Supplementary Fig. 7) with the angle dependence of the
transmission probability T through p–n boundaries20,

T (n,✓i)=
cos✓i cos✓r

cos2[(✓i +✓r)/2]
exp

✓
�⇡kFd sin2 ✓i

2
1�n

◆
(2)

and the Fermi velocity of graphene vF ⇠106 ms�1. For the unipolar
case, the exponential term in equation (2) can be ignored because
there is no Wentzel–Kramers–Brillouin (WKB) tunnelling term.
The VT/VB slope of the simulation result also agrees well with
the data. A finite o�set (⇠�2.8V) in VT for the linear fitting in
the n–p–n regime is as small as the full-width at half-maximum
(FWHM) of the Dirac point (1V ⇠ 2.5V), which represents the

926 NATURE PHYSICS | VOL 11 | NOVEMBER 2015 | www.nature.com/naturephysics

© 2015 Macmillan Publishers Limited. All rights reserved

LETTERS NATURE PHYSICS DOI: 10.1038/NPHYS3460

−20 −10 0 10 20 30
120

130

140

150

160

0.5 1.5
2.5 3.5
4.5 5.5

I 2 
(n

A
)

∆I
 (n

A
)

∆I
 (n

A
)

I 2 
(n

A
)

I (
nA

)

VT (V)
−20 −10 0 10 20

−20 −10 0 10 20

VT (V) VT (V)

VT (V)

VT (V) VT (V) VT (V)
−20 −10 0 10 20 30

VT (V)

VB (V)

VB (V)

VB (V)

V B
 (V

)

V B (V
)

VB (V)

VB (V)

140

150

160

170

180

−9.5 −8.5
−7.5 −6.5
−5.5 −4.5
−3.5

0

5

10

15

20

25

3.5

4.5

2.5

1.5

0.5

0

5

10

15

20

−8.5
−7.5

−6.5
−5.5

−4.5

−3.5

a b

d

cn−n−nn−p−n n−p−n

p−n−p

p−n−p

p−p−p

0 10 20
25

30

35

40

45

0 10 20
0

50

100

150 −3.5
−4.5
−5.5
−6.5
−7.5
−8.5

−10

−10

10

10

0

0

−10 0 10
−10

−5

0

5

 = 20α  = α

Figure 2 | Current focusing of graphene-based Veselago lens. a, VT dependence of I2 with positive (upper panel) and negative (lower panel) values of VB
at temperature T= 100 K. Inverted red triangles indicate the current enhancement peak of each trace. Thicker black lines represent the background without
the current enhancement peak. b, Background-subtracted current 1I= I2 � I2 (VB =5.5 for VB >0 in the upper panel; VB =�9.5 V for VB <0 in the lower
panel) as a function of VT. Traces are separated in steps of VB =0.2 V, with an arbitrary o�set for clarity. Every fifth trace is emphasized with a thicker line.
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between VT and VB of the current enhancement peaks (symbols) with linear fitting lines (black lines). Error bars denote the uncertainty of the peak position
due to fluctuations of 1I. The solid red line represents the simulation result. Inset: simulated focusing current with a colour scale from blue (0 nA) to red
(40 nA). d, Simulation of the focusing current, I, for VB <0 with specularity parameter ↵=20 (left panel) and infinite ↵ (right panel). In the left panel, each
curve was o�set by a step of 2 nA from bottom to top for a clearer comparison with the lower panel of b.

Monolayer graphene was encapsulated in insulating and atomically
flat boron nitride (BN) crystals to achieve the characteristic
ballistic nature of graphene (see Methods and Supplementary
Fig. 3). The top local gate voltage (V 0

T) and bottom global gate
voltage (VB) enabled in situ control of the refractive index. A thin
top BN layer (thickness⇠ 14 nm) provided sharp p–n junctions
with a characteristic sharpness of d ⇠ 12 nm (see Methods and
Supplementary Fig. 4).

The geometric asymmetry (a = 600 nm, b = 720 nm) is
exaggerated in the schematic shown in Fig. 1c. Each corner with
a narrow constriction (width w ⇠ 100 nm) was connected to the
Cr/Au metal electrode. In situ etching of the graphene just before
metal deposition was implemented to form a highly transparent
contact. This geometry led to a negative van der Pauw resistivity at
temperature T =4.2 K, confirming ballistic transport. The mobility
and the mean free path were estimated to be 120,000 cm2 V�1 s�1

and 1.7 µm at VB =VT =�20V (see Supplementary Fig. 5). A bias
current was injected (Ibias = 500 nA), and the drain currents at the
other three ports were measured simultaneously as a function of
V 0

T and VB. The compensated top gate voltage VT = �V 0
T + VB,

and VB determined the carrier densities ⇢T = k2/⇡ = ⌘VT and
⇢B = ⌘VB of the top- and back-gated regions, respectively, with
⌘⇠7.2⇥10�2 cm�2 V�1. The ratio of top to bottom gate e�ciency,
� =21.0, was determined using the values of V 0

T and VB at the Dirac
points. Independent control of VT and VB allowed exploration of a
range of values of n= sgn(VT ·VB)

p
VT/VB for both polarities. The

drain current at port 2, I2, taken at 100K is plotted as a function
of VT in Fig. 2a. Near VT =0, where the top-gated region becomes
most resistive, a greater current tends to flow towards ports 1 or
3 rather than port 2, resulting in a decrease of I2 at all values of
VB (see Supplementary Fig. 6). On top of the background, each

trace for VT for di�erent values of VB exhibits a current focusing
peak (red triangles) only in the bipolar regimes of n–p–n and
p–n–p. As VB moves away from the Dirac point, the focusing peaks
become smaller and broader, and are eventually obscured by the
background signal. This happens as �F becomes much shorter than
d forVB,T away from the Dirac point, resulting in increased electron
reflection at the p–n boundaries19,20. After subtracting the data in
this regime as a background signal, the gate dependence of the
peak positions and widths becomes more conspicuous (Fig. 2b).
Current focusing peaks shift linearly with VB for negative values of
VT/VB. This confirms that they originate from electron focusing
through the p–n boundaries with a negative value of n, rather than
any sample-specific doping inhomogeneity. The focusing condition
is estimated to be n=�b/a=�1.20 for our device geometry. This
value agrees well with the observations: nnpn =�1.35 (for n–p–n)
and npnp = �1.20 (for p–n–p), as shown in Fig. 2c. The solid red
line represents the numerical simulation result of a classical particle
tracing with geometric parameters; a, b, w and d (see Methods
and Supplementary Fig. 7) with the angle dependence of the
transmission probability T through p–n boundaries20,

T (n,✓i)=
cos✓i cos✓r

cos2[(✓i +✓r)/2]
exp

✓
�⇡kFd sin2 ✓i

2
1�n

◆
(2)

and the Fermi velocity of graphene vF ⇠106 ms�1. For the unipolar
case, the exponential term in equation (2) can be ignored because
there is no Wentzel–Kramers–Brillouin (WKB) tunnelling term.
The VT/VB slope of the simulation result also agrees well with
the data. A finite o�set (⇠�2.8V) in VT for the linear fitting in
the n–p–n regime is as small as the full-width at half-maximum
(FWHM) of the Dirac point (1V ⇠ 2.5V), which represents the
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both the fundamental resonance and multiple
higher-order resonant peaks appear. The resonance
paths can not be fit to a simple B ∼

ffiffiffi
n

p
depen-

dence (fig. S4), with the most notable deviation
a pronounced kink in the second-order resonance.
For positive Si gate values (p-n′ configuration),
only the lowest-order resonance mode is observed,
with all higher orders apparently suppressed. The
resonance peak is opposite in sign compared with
the p-p′ case. This is a direct signature of carrier
focusing to the upper voltage terminal.
A detailed simulation of electron trajecto-

ries using a semiclassical Billiard model (34, 35)
was performed and compared to experiment (32).
In this model, electrons are injected from the
source at randomly distributed angles, weighted
by a normal distribution of standard deviation
sinj = p/15. By following their cyclotron trajecto-
ries across the junction (junction roughness is
not included in the model), the probabilities of
reaching the voltage probes are calculated. Trans-
mission across the junction is modeled assuming
the electronic Snell’s law and momentum filter-
ing (20, 25). Figure 2B shows the difference in
probability between the two voltage leads from
our simulation using identical conditions as
the experiment data in Fig. 2A. The simulation
matches well with the general features of our
experimental data for both p-p′ and p-n′ cases,
reproducing the trajectory of all higher-order
resonances in the p-p′ condition, as well as the

existence of only a single mode, with opposite
sign for the p-n′ case. Simulation reveals that
the kink in the p-p′ case results from electrons
hitting the edge of device at the junction (fig.
S9). For p-n′, only the lowest order is observed
as the number of electrons reaching the upper
electrode reduces exponentially owing to a fil-
tering effect every time electrons cross the p-n
junction (18, 27). There is some discrepancy in
the higher-order p-p′ resonances between ex-
periment (Fig. 2A) and simulation (Fig. 2B). We
believe that this is caused by the uncertainty in
the fabricated device geometry (~50 nm), finite
contact width (~300 nm), and edge roughness
(fig. S11), all of which become increasingly im-
portant as the cyclotron radius approaches a
similar length scale.
In both the experimental and simulated data

sets, the trajectory of the lowest-order resonance
is well captured by our geometric model (dashed
lines in Fig. 2, A and B). In Fig. 2D, the peak
position is shown as a function of B and n2 for
both p-p′ (red circles) and p-n′ (blue circles).
Also plotted are similar data points acquired
by synchronizing the gates to maintain matched
carrier density, giving the trajectory of the p-p
(green circles) and n-n (yellow circles) response
(see fig. S5) for the magnetic focusing in the
matched density regime). The theoretical reso-
nant peak positions calculated from the geo-
metric model are shown as solid and dashed

lines. Excellent agreement is found between the
peak positions and the theoretical curves for all
four cases. In generating the theoretical curves,
we use as inputs only the sample geometry (length
L = 4.05 mm and widthW = 3.95 mm) and the gate
efficiencies as extracted from Hall effect measure-
ments (32), so that effectively there are no free
parameters. We have repeated this measurement
with three devices of varying sizes and with
various gate configurations, all giving similar
results (fig. S6). For any combination of B, n1,
and n2, the device geometry dictates the inter-
section of the electron trajectory with the
junction. For each point along the first-order
resonant peak in Fig. 2A, we can therefore de-
duce the angle between the charge-carrier tra-
jectory and the boundary normal in each region.
In Fig. 2E, the corresponding values of kisinðqiÞ
for each region are plotted. The data show a
linear relation with unity slope, confirming
the expected Snell’s law relation for electrons.
For the case of opposite carrier type, the rela-
tion shows a negative unity slope, unambigu-
ously confirming negative refraction.
Because the points along the resonance mode

can be correlated with the incidence angle, com-
paring the peak intensity at each point provides
a measure of the angular-dependent transmission
coefficient across the junction. The transmission
probability across a p-n junction is theoretically
determined by a chiral tunneling process between
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Fig. 1. Electron refraction. (A) A transverse magnetic field is used to focus
electrons onto a split-gate junction at variable incident angles.The cyclotron
radius, determined by the magnetic field and Fermi momentum (or related
carrier density), determines the incidence angle. The density difference
across the boundary, induced by the two gate voltages, determines the re-
fraction angle. (B) A resonant path is shown for three example scenarios

corresponding to p-p (equal hole density), p-p′ (unequal hole density), and
p-n′ (unequal hole-electron densities). In our measurement scheme, den-
sity n1 is fixed, whereas B and n2 are varied. (C) Optical image (top) anmd
cartoon schematic (bottom) of split-gate device. A naturally cleaved graphite
edge is used to define an atomically smooth electrostatic boundary. Scale
bar, 5 mm.
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Electrons transmitted across a ballistic semiconductor junction are expected to undergo
refraction, analogous to light rays across an optical boundary. In graphene, the linear
dispersion and zero-gap band structure admit highly transparent p-n junctions by simple
electrostatic gating. Here, we employ transverse magnetic focusing to probe the
propagation of carriers across an electrostatically defined graphene junction. We find
agreement with the predicted Snell’s law for electrons, including the observation of both
positive and negative refraction. Resonant transmission across the p-n junction provides a
direct measurement of the angle-dependent transmission coefficient. Comparing
experimental data with simulations reveals the crucial role played by the effective junction
width, providing guidance for future device design. Our results pave the way for realizing
electron optics based on graphene p-n junctions.

B
allistic electrons in a uniform two-
dimensional electron gas behave in close
analogy to light (1, 2): Electrons follow
straight-line trajectories, and their wave
nature can manifest in a variety of inter-

ference and diffraction effects. When transmitted
across a boundary separating regions of different
density, electrons undergo refraction (3, 4), much
like light rays crossing a boundary between ma-
terials with different optical index. This makes
it possible to manipulate electrons like photons
by using components inspired by geometrical
optics, such asmirrors, lenses, prisms, and splitters
(3–9). A particularly striking feature of electronic
optics is the prediction of negative refraction (10),
which is difficult to achieve in photonic systems
but conceptually straightforward for electrons,
arising when carriers cross a p-n junction sep-
arating electron and hole bands. In optical meta-
materials (11–13), negative refraction is enabling
exotic device technologies such as superlenses
(14), which can focus beyond the diffraction limit,
and optical cloaks (15), which make objects in-
visible by bending light around them.
Graphene has been considered an ideal plat-

form for demonstrating electron optics in the
solid state (5, 16–18). The high intrinsic mobil-

ity allows ballistic transport over micrometer-
length scales at ambient temperatures (19), and
the lack of a bandgap makes graphene p-n junc-
tions highly transparent (5, 17, 20–27) compared
with conventional semiconductors. However, ex-
perimental demonstration of electron lensing in
graphene junctions has remained conspicuously
difficult to realize: Separating the junction re-
sponse from mesoscopic effects (such as contacts
and boundary scattering) in transport experiments
has proven difficult, whereas direct probe tech-
niques (28–30) have not provided real-space map-
ping of transmission across a junction. Here, we
demonstrate that by using a transverse magnetic
focusing (TMF) measurement scheme in a split-
gate device, we are able to isolate and measure
directly the relationship between the incident
and refracted electron trajectories.
For electrons, conservation of the transverse

component of the momentum vector k across
the junction leads to the Snell’s law relation
k1sinq1 ¼ k2sinq2, where q1 and q2 are the in-
cident and refracted angle with respect to the
boundary normal, and the Fermi wave vector
ki ¼

ffiffiffiffiffiffiffi
pni

p
replaces the optical index of refrac-

tion. Because the group velocity is defined by
the energy band dispersion v ¼ dE=dðℏkÞ, its
sign changes between the valence and con-
duction bands, making it parallel to the Fermi
momentum for n-type carriers, but antiparal-
lel for p-type. In the case of a p-n junction, the
transverse component of the group velocity must
change sign to conserve momentum (Fig. 1A),
and a negative refraction angle results.
Figure 1, A and B, illustrates the device struc-

ture used to test this relation. A sample with a
junction separating areas of different carrier
density is contacted by multiple electrodes in
both regions. Under a transverse magnetic field,
injected electrons undergo cyclotron motion
with a radius determined by the Lorentz force.
In the absence of a junction, a resonant conduc-

tion path (measured as a voltage peak) is realized
when the cyclotron radius is half the distance
between the current and voltage electrodes, cor-
responding to the condition B ¼ j ⋅2ℏ

ffiffiffiffiffiffi
pn

p
=eL,

where j is the resonant mode number (physi-
cally corresponding to the number of half circles
that fit between the electrodes), e is the electron
charge, B is the magnetic field, L is the distance
between the electron emitter and voltage de-
tector, and n is the charge-carrier density (31).
In a split-gate geometry, the resonant path de-
pends on the carrier density in each region and
can be considered separately for the three dis-
tinct scenarios shown in Fig. 1B: (i) equal density
(n-n or p-p): the junction is fully transparent
and there is no refraction, recovering the same
resonance condition given above; (ii) same car-
rier type but unequal density (p-p′ or n-n′): pos-
itive refraction across the boundary, resulting
in a deviation of the resonance condition but
with carriers still focused to the voltage probe
on the same side of the sample; and (iii) p-n′
(unequal electron-hole densities): negative refrac-
tion occurs and there is a change in the sign of
the Lorentz force, causing the charge carriers to
be focused to the voltage probe on the opposite
side of the sample. The sample geometry fully
determines the relation between the magnetic
field, B, and charge densities, n1 and n2, of the
two gated regions [for analytic relations defin-
ing each of the lowest resonant modes, see (32)].
For all three cases, varying the magnetic field
changes the angle of incidence (q1) at the bound-
ary, whereas varying the carrier density on the
right side changes both the angle of refraction
(q2) and the cyclotron radius on the right side.
Thus, by mapping out the resonance condition
for transmission between the injection and col-
lection electrodes, we can effectively measure q2
as a function of q1 to directly verify Snell’s law
for both positive and negative refraction.
An optical micrograph and schematic cross

section of a typical device measured in this study
are shown in Fig. 1C. Monolayer graphene was
encapsulated in boron nitride (h-BN); half of it
was placed across a few-layer graphite bottom
gate that was previously exfoliated onto an oxi-
dized, heavily doped Si wafer. The heterostruc-
ture was then plasma etched into a rectangular
shape and side-contacted using previously de-
scribed techniques (33). Independently voltage-
biasing the bottom layer graphite and doped-silicon
gates allows us to realize a split-gate p-n junction
(Fig. 1B). Because a naturally cleaved graphite
edge is used, the junction is expected to be
atomically smooth (32).
In the TMF measurement, electrons are in-

jected at one side of the graphite-gated region
and collected at an electrode on the opposing
side, whereas the voltage is measured across
parallel electrodes in the Si-gated region (Fig. 1A).
Figure 2A shows a typical result, in which the
four-terminal resistance is acquired at constant
hole density in the injection region (Vgraphite = –1 V,
corresponding to a density of 6.76 × 1011 cm–2)
as a function of detection side gate voltage (VSi)
and magnetic field. For the p-p′ configuration,
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Electrons transmitted across a ballistic semiconductor junction are expected to undergo
refraction, analogous to light rays across an optical boundary. In graphene, the linear
dispersion and zero-gap band structure admit highly transparent p-n junctions by simple
electrostatic gating. Here, we employ transverse magnetic focusing to probe the
propagation of carriers across an electrostatically defined graphene junction. We find
agreement with the predicted Snell’s law for electrons, including the observation of both
positive and negative refraction. Resonant transmission across the p-n junction provides a
direct measurement of the angle-dependent transmission coefficient. Comparing
experimental data with simulations reveals the crucial role played by the effective junction
width, providing guidance for future device design. Our results pave the way for realizing
electron optics based on graphene p-n junctions.

B
allistic electrons in a uniform two-
dimensional electron gas behave in close
analogy to light (1, 2): Electrons follow
straight-line trajectories, and their wave
nature can manifest in a variety of inter-

ference and diffraction effects. When transmitted
across a boundary separating regions of different
density, electrons undergo refraction (3, 4), much
like light rays crossing a boundary between ma-
terials with different optical index. This makes
it possible to manipulate electrons like photons
by using components inspired by geometrical
optics, such asmirrors, lenses, prisms, and splitters
(3–9). A particularly striking feature of electronic
optics is the prediction of negative refraction (10),
which is difficult to achieve in photonic systems
but conceptually straightforward for electrons,
arising when carriers cross a p-n junction sep-
arating electron and hole bands. In optical meta-
materials (11–13), negative refraction is enabling
exotic device technologies such as superlenses
(14), which can focus beyond the diffraction limit,
and optical cloaks (15), which make objects in-
visible by bending light around them.
Graphene has been considered an ideal plat-

form for demonstrating electron optics in the
solid state (5, 16–18). The high intrinsic mobil-

ity allows ballistic transport over micrometer-
length scales at ambient temperatures (19), and
the lack of a bandgap makes graphene p-n junc-
tions highly transparent (5, 17, 20–27) compared
with conventional semiconductors. However, ex-
perimental demonstration of electron lensing in
graphene junctions has remained conspicuously
difficult to realize: Separating the junction re-
sponse from mesoscopic effects (such as contacts
and boundary scattering) in transport experiments
has proven difficult, whereas direct probe tech-
niques (28–30) have not provided real-space map-
ping of transmission across a junction. Here, we
demonstrate that by using a transverse magnetic
focusing (TMF) measurement scheme in a split-
gate device, we are able to isolate and measure
directly the relationship between the incident
and refracted electron trajectories.
For electrons, conservation of the transverse

component of the momentum vector k across
the junction leads to the Snell’s law relation
k1sinq1 ¼ k2sinq2, where q1 and q2 are the in-
cident and refracted angle with respect to the
boundary normal, and the Fermi wave vector
ki ¼

ffiffiffiffiffiffiffi
pni

p
replaces the optical index of refrac-

tion. Because the group velocity is defined by
the energy band dispersion v ¼ dE=dðℏkÞ, its
sign changes between the valence and con-
duction bands, making it parallel to the Fermi
momentum for n-type carriers, but antiparal-
lel for p-type. In the case of a p-n junction, the
transverse component of the group velocity must
change sign to conserve momentum (Fig. 1A),
and a negative refraction angle results.
Figure 1, A and B, illustrates the device struc-

ture used to test this relation. A sample with a
junction separating areas of different carrier
density is contacted by multiple electrodes in
both regions. Under a transverse magnetic field,
injected electrons undergo cyclotron motion
with a radius determined by the Lorentz force.
In the absence of a junction, a resonant conduc-

tion path (measured as a voltage peak) is realized
when the cyclotron radius is half the distance
between the current and voltage electrodes, cor-
responding to the condition B ¼ j ⋅2ℏ

ffiffiffiffiffiffi
pn

p
=eL,

where j is the resonant mode number (physi-
cally corresponding to the number of half circles
that fit between the electrodes), e is the electron
charge, B is the magnetic field, L is the distance
between the electron emitter and voltage de-
tector, and n is the charge-carrier density (31).
In a split-gate geometry, the resonant path de-
pends on the carrier density in each region and
can be considered separately for the three dis-
tinct scenarios shown in Fig. 1B: (i) equal density
(n-n or p-p): the junction is fully transparent
and there is no refraction, recovering the same
resonance condition given above; (ii) same car-
rier type but unequal density (p-p′ or n-n′): pos-
itive refraction across the boundary, resulting
in a deviation of the resonance condition but
with carriers still focused to the voltage probe
on the same side of the sample; and (iii) p-n′
(unequal electron-hole densities): negative refrac-
tion occurs and there is a change in the sign of
the Lorentz force, causing the charge carriers to
be focused to the voltage probe on the opposite
side of the sample. The sample geometry fully
determines the relation between the magnetic
field, B, and charge densities, n1 and n2, of the
two gated regions [for analytic relations defin-
ing each of the lowest resonant modes, see (32)].
For all three cases, varying the magnetic field
changes the angle of incidence (q1) at the bound-
ary, whereas varying the carrier density on the
right side changes both the angle of refraction
(q2) and the cyclotron radius on the right side.
Thus, by mapping out the resonance condition
for transmission between the injection and col-
lection electrodes, we can effectively measure q2
as a function of q1 to directly verify Snell’s law
for both positive and negative refraction.
An optical micrograph and schematic cross

section of a typical device measured in this study
are shown in Fig. 1C. Monolayer graphene was
encapsulated in boron nitride (h-BN); half of it
was placed across a few-layer graphite bottom
gate that was previously exfoliated onto an oxi-
dized, heavily doped Si wafer. The heterostruc-
ture was then plasma etched into a rectangular
shape and side-contacted using previously de-
scribed techniques (33). Independently voltage-
biasing the bottom layer graphite and doped-silicon
gates allows us to realize a split-gate p-n junction
(Fig. 1B). Because a naturally cleaved graphite
edge is used, the junction is expected to be
atomically smooth (32).
In the TMF measurement, electrons are in-

jected at one side of the graphite-gated region
and collected at an electrode on the opposing
side, whereas the voltage is measured across
parallel electrodes in the Si-gated region (Fig. 1A).
Figure 2A shows a typical result, in which the
four-terminal resistance is acquired at constant
hole density in the injection region (Vgraphite = –1 V,
corresponding to a density of 6.76 × 1011 cm–2)
as a function of detection side gate voltage (VSi)
and magnetic field. For the p-p′ configuration,

1522 30 SEPTEMBER 2016 • VOL 353 ISSUE 6307 sciencemag.org SCIENCE

1Department of Physics, Columbia University, New York, NY
10027, USA. 2Department of Applied Physics and Applied
Mathematics, Columbia University, New York, NY 10027,
USA. 3Department of Electrical and Computer Engineering,
University of Virginia, Charlottesville, VA 22904, USA.
4Department of Physics, Cornell University, Ithaca, NY 14853,
USA. 5Department of Mechanical Engineering, Columbia
University, New York, NY 10027, USA. 6National Institute for
Materials Science, 1-1 Namiki, Tsukuba 305-0047, Japan.
7Shenyang National Laboratory for Materials Science,
Institute of Metal Research, Chinese Academy of Sciences,
Shenyang 110016, P. R. China. 8IBM Thomas J. Watson
Research Center, 1101 Kitchawan Road, Yorktown Heights,
NY 10598, USA.
*These authors contributed equally to this work. †Present address:
Intel Corp., Santa Clara CA 95054, USA. ‡Corresponding author.
Email: cdean@phys.columbia.edu

RESEARCH | REPORTS

D
ow

nloaded from
 https://w

w
w

.science.org at U
niversite de B

ordeaux on June 13, 2022

both the fundamental resonance and multiple
higher-order resonant peaks appear. The resonance
paths can not be fit to a simple B ∼

ffiffiffi
n

p
depen-

dence (fig. S4), with the most notable deviation
a pronounced kink in the second-order resonance.
For positive Si gate values (p-n′ configuration),
only the lowest-order resonance mode is observed,
with all higher orders apparently suppressed. The
resonance peak is opposite in sign compared with
the p-p′ case. This is a direct signature of carrier
focusing to the upper voltage terminal.
A detailed simulation of electron trajecto-

ries using a semiclassical Billiard model (34, 35)
was performed and compared to experiment (32).
In this model, electrons are injected from the
source at randomly distributed angles, weighted
by a normal distribution of standard deviation
sinj = p/15. By following their cyclotron trajecto-
ries across the junction (junction roughness is
not included in the model), the probabilities of
reaching the voltage probes are calculated. Trans-
mission across the junction is modeled assuming
the electronic Snell’s law and momentum filter-
ing (20, 25). Figure 2B shows the difference in
probability between the two voltage leads from
our simulation using identical conditions as
the experiment data in Fig. 2A. The simulation
matches well with the general features of our
experimental data for both p-p′ and p-n′ cases,
reproducing the trajectory of all higher-order
resonances in the p-p′ condition, as well as the

existence of only a single mode, with opposite
sign for the p-n′ case. Simulation reveals that
the kink in the p-p′ case results from electrons
hitting the edge of device at the junction (fig.
S9). For p-n′, only the lowest order is observed
as the number of electrons reaching the upper
electrode reduces exponentially owing to a fil-
tering effect every time electrons cross the p-n
junction (18, 27). There is some discrepancy in
the higher-order p-p′ resonances between ex-
periment (Fig. 2A) and simulation (Fig. 2B). We
believe that this is caused by the uncertainty in
the fabricated device geometry (~50 nm), finite
contact width (~300 nm), and edge roughness
(fig. S11), all of which become increasingly im-
portant as the cyclotron radius approaches a
similar length scale.
In both the experimental and simulated data

sets, the trajectory of the lowest-order resonance
is well captured by our geometric model (dashed
lines in Fig. 2, A and B). In Fig. 2D, the peak
position is shown as a function of B and n2 for
both p-p′ (red circles) and p-n′ (blue circles).
Also plotted are similar data points acquired
by synchronizing the gates to maintain matched
carrier density, giving the trajectory of the p-p
(green circles) and n-n (yellow circles) response
(see fig. S5) for the magnetic focusing in the
matched density regime). The theoretical reso-
nant peak positions calculated from the geo-
metric model are shown as solid and dashed

lines. Excellent agreement is found between the
peak positions and the theoretical curves for all
four cases. In generating the theoretical curves,
we use as inputs only the sample geometry (length
L = 4.05 mm and widthW = 3.95 mm) and the gate
efficiencies as extracted from Hall effect measure-
ments (32), so that effectively there are no free
parameters. We have repeated this measurement
with three devices of varying sizes and with
various gate configurations, all giving similar
results (fig. S6). For any combination of B, n1,
and n2, the device geometry dictates the inter-
section of the electron trajectory with the
junction. For each point along the first-order
resonant peak in Fig. 2A, we can therefore de-
duce the angle between the charge-carrier tra-
jectory and the boundary normal in each region.
In Fig. 2E, the corresponding values of kisinðqiÞ
for each region are plotted. The data show a
linear relation with unity slope, confirming
the expected Snell’s law relation for electrons.
For the case of opposite carrier type, the rela-
tion shows a negative unity slope, unambigu-
ously confirming negative refraction.
Because the points along the resonance mode

can be correlated with the incidence angle, com-
paring the peak intensity at each point provides
a measure of the angular-dependent transmission
coefficient across the junction. The transmission
probability across a p-n junction is theoretically
determined by a chiral tunneling process between
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Fig. 1. Electron refraction. (A) A transverse magnetic field is used to focus
electrons onto a split-gate junction at variable incident angles.The cyclotron
radius, determined by the magnetic field and Fermi momentum (or related
carrier density), determines the incidence angle. The density difference
across the boundary, induced by the two gate voltages, determines the re-
fraction angle. (B) A resonant path is shown for three example scenarios

corresponding to p-p (equal hole density), p-p′ (unequal hole density), and
p-n′ (unequal hole-electron densities). In our measurement scheme, den-
sity n1 is fixed, whereas B and n2 are varied. (C) Optical image (top) anmd
cartoon schematic (bottom) of split-gate device. A naturally cleaved graphite
edge is used to define an atomically smooth electrostatic boundary. Scale
bar, 5 mm.
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Electron optics with p-n junctions
in ballistic graphene
Shaowen Chen,1,2* Zheng Han,1,7* Mirza M. Elahi,3 K. M. Masum Habib,3† Lei Wang,4
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Electrons transmitted across a ballistic semiconductor junction are expected to undergo
refraction, analogous to light rays across an optical boundary. In graphene, the linear
dispersion and zero-gap band structure admit highly transparent p-n junctions by simple
electrostatic gating. Here, we employ transverse magnetic focusing to probe the
propagation of carriers across an electrostatically defined graphene junction. We find
agreement with the predicted Snell’s law for electrons, including the observation of both
positive and negative refraction. Resonant transmission across the p-n junction provides a
direct measurement of the angle-dependent transmission coefficient. Comparing
experimental data with simulations reveals the crucial role played by the effective junction
width, providing guidance for future device design. Our results pave the way for realizing
electron optics based on graphene p-n junctions.

B
allistic electrons in a uniform two-
dimensional electron gas behave in close
analogy to light (1, 2): Electrons follow
straight-line trajectories, and their wave
nature can manifest in a variety of inter-

ference and diffraction effects. When transmitted
across a boundary separating regions of different
density, electrons undergo refraction (3, 4), much
like light rays crossing a boundary between ma-
terials with different optical index. This makes
it possible to manipulate electrons like photons
by using components inspired by geometrical
optics, such asmirrors, lenses, prisms, and splitters
(3–9). A particularly striking feature of electronic
optics is the prediction of negative refraction (10),
which is difficult to achieve in photonic systems
but conceptually straightforward for electrons,
arising when carriers cross a p-n junction sep-
arating electron and hole bands. In optical meta-
materials (11–13), negative refraction is enabling
exotic device technologies such as superlenses
(14), which can focus beyond the diffraction limit,
and optical cloaks (15), which make objects in-
visible by bending light around them.
Graphene has been considered an ideal plat-

form for demonstrating electron optics in the
solid state (5, 16–18). The high intrinsic mobil-

ity allows ballistic transport over micrometer-
length scales at ambient temperatures (19), and
the lack of a bandgap makes graphene p-n junc-
tions highly transparent (5, 17, 20–27) compared
with conventional semiconductors. However, ex-
perimental demonstration of electron lensing in
graphene junctions has remained conspicuously
difficult to realize: Separating the junction re-
sponse from mesoscopic effects (such as contacts
and boundary scattering) in transport experiments
has proven difficult, whereas direct probe tech-
niques (28–30) have not provided real-space map-
ping of transmission across a junction. Here, we
demonstrate that by using a transverse magnetic
focusing (TMF) measurement scheme in a split-
gate device, we are able to isolate and measure
directly the relationship between the incident
and refracted electron trajectories.
For electrons, conservation of the transverse

component of the momentum vector k across
the junction leads to the Snell’s law relation
k1sinq1 ¼ k2sinq2, where q1 and q2 are the in-
cident and refracted angle with respect to the
boundary normal, and the Fermi wave vector
ki ¼

ffiffiffiffiffiffiffi
pni

p
replaces the optical index of refrac-

tion. Because the group velocity is defined by
the energy band dispersion v ¼ dE=dðℏkÞ, its
sign changes between the valence and con-
duction bands, making it parallel to the Fermi
momentum for n-type carriers, but antiparal-
lel for p-type. In the case of a p-n junction, the
transverse component of the group velocity must
change sign to conserve momentum (Fig. 1A),
and a negative refraction angle results.
Figure 1, A and B, illustrates the device struc-

ture used to test this relation. A sample with a
junction separating areas of different carrier
density is contacted by multiple electrodes in
both regions. Under a transverse magnetic field,
injected electrons undergo cyclotron motion
with a radius determined by the Lorentz force.
In the absence of a junction, a resonant conduc-

tion path (measured as a voltage peak) is realized
when the cyclotron radius is half the distance
between the current and voltage electrodes, cor-
responding to the condition B ¼ j ⋅2ℏ

ffiffiffiffiffiffi
pn

p
=eL,

where j is the resonant mode number (physi-
cally corresponding to the number of half circles
that fit between the electrodes), e is the electron
charge, B is the magnetic field, L is the distance
between the electron emitter and voltage de-
tector, and n is the charge-carrier density (31).
In a split-gate geometry, the resonant path de-
pends on the carrier density in each region and
can be considered separately for the three dis-
tinct scenarios shown in Fig. 1B: (i) equal density
(n-n or p-p): the junction is fully transparent
and there is no refraction, recovering the same
resonance condition given above; (ii) same car-
rier type but unequal density (p-p′ or n-n′): pos-
itive refraction across the boundary, resulting
in a deviation of the resonance condition but
with carriers still focused to the voltage probe
on the same side of the sample; and (iii) p-n′
(unequal electron-hole densities): negative refrac-
tion occurs and there is a change in the sign of
the Lorentz force, causing the charge carriers to
be focused to the voltage probe on the opposite
side of the sample. The sample geometry fully
determines the relation between the magnetic
field, B, and charge densities, n1 and n2, of the
two gated regions [for analytic relations defin-
ing each of the lowest resonant modes, see (32)].
For all three cases, varying the magnetic field
changes the angle of incidence (q1) at the bound-
ary, whereas varying the carrier density on the
right side changes both the angle of refraction
(q2) and the cyclotron radius on the right side.
Thus, by mapping out the resonance condition
for transmission between the injection and col-
lection electrodes, we can effectively measure q2
as a function of q1 to directly verify Snell’s law
for both positive and negative refraction.
An optical micrograph and schematic cross

section of a typical device measured in this study
are shown in Fig. 1C. Monolayer graphene was
encapsulated in boron nitride (h-BN); half of it
was placed across a few-layer graphite bottom
gate that was previously exfoliated onto an oxi-
dized, heavily doped Si wafer. The heterostruc-
ture was then plasma etched into a rectangular
shape and side-contacted using previously de-
scribed techniques (33). Independently voltage-
biasing the bottom layer graphite and doped-silicon
gates allows us to realize a split-gate p-n junction
(Fig. 1B). Because a naturally cleaved graphite
edge is used, the junction is expected to be
atomically smooth (32).
In the TMF measurement, electrons are in-

jected at one side of the graphite-gated region
and collected at an electrode on the opposing
side, whereas the voltage is measured across
parallel electrodes in the Si-gated region (Fig. 1A).
Figure 2A shows a typical result, in which the
four-terminal resistance is acquired at constant
hole density in the injection region (Vgraphite = –1 V,
corresponding to a density of 6.76 × 1011 cm–2)
as a function of detection side gate voltage (VSi)
and magnetic field. For the p-p′ configuration,
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Electrons transmitted across a ballistic semiconductor junction are expected to undergo
refraction, analogous to light rays across an optical boundary. In graphene, the linear
dispersion and zero-gap band structure admit highly transparent p-n junctions by simple
electrostatic gating. Here, we employ transverse magnetic focusing to probe the
propagation of carriers across an electrostatically defined graphene junction. We find
agreement with the predicted Snell’s law for electrons, including the observation of both
positive and negative refraction. Resonant transmission across the p-n junction provides a
direct measurement of the angle-dependent transmission coefficient. Comparing
experimental data with simulations reveals the crucial role played by the effective junction
width, providing guidance for future device design. Our results pave the way for realizing
electron optics based on graphene p-n junctions.

B
allistic electrons in a uniform two-
dimensional electron gas behave in close
analogy to light (1, 2): Electrons follow
straight-line trajectories, and their wave
nature can manifest in a variety of inter-

ference and diffraction effects. When transmitted
across a boundary separating regions of different
density, electrons undergo refraction (3, 4), much
like light rays crossing a boundary between ma-
terials with different optical index. This makes
it possible to manipulate electrons like photons
by using components inspired by geometrical
optics, such asmirrors, lenses, prisms, and splitters
(3–9). A particularly striking feature of electronic
optics is the prediction of negative refraction (10),
which is difficult to achieve in photonic systems
but conceptually straightforward for electrons,
arising when carriers cross a p-n junction sep-
arating electron and hole bands. In optical meta-
materials (11–13), negative refraction is enabling
exotic device technologies such as superlenses
(14), which can focus beyond the diffraction limit,
and optical cloaks (15), which make objects in-
visible by bending light around them.
Graphene has been considered an ideal plat-

form for demonstrating electron optics in the
solid state (5, 16–18). The high intrinsic mobil-

ity allows ballistic transport over micrometer-
length scales at ambient temperatures (19), and
the lack of a bandgap makes graphene p-n junc-
tions highly transparent (5, 17, 20–27) compared
with conventional semiconductors. However, ex-
perimental demonstration of electron lensing in
graphene junctions has remained conspicuously
difficult to realize: Separating the junction re-
sponse from mesoscopic effects (such as contacts
and boundary scattering) in transport experiments
has proven difficult, whereas direct probe tech-
niques (28–30) have not provided real-space map-
ping of transmission across a junction. Here, we
demonstrate that by using a transverse magnetic
focusing (TMF) measurement scheme in a split-
gate device, we are able to isolate and measure
directly the relationship between the incident
and refracted electron trajectories.
For electrons, conservation of the transverse

component of the momentum vector k across
the junction leads to the Snell’s law relation
k1sinq1 ¼ k2sinq2, where q1 and q2 are the in-
cident and refracted angle with respect to the
boundary normal, and the Fermi wave vector
ki ¼

ffiffiffiffiffiffiffi
pni

p
replaces the optical index of refrac-

tion. Because the group velocity is defined by
the energy band dispersion v ¼ dE=dðℏkÞ, its
sign changes between the valence and con-
duction bands, making it parallel to the Fermi
momentum for n-type carriers, but antiparal-
lel for p-type. In the case of a p-n junction, the
transverse component of the group velocity must
change sign to conserve momentum (Fig. 1A),
and a negative refraction angle results.
Figure 1, A and B, illustrates the device struc-

ture used to test this relation. A sample with a
junction separating areas of different carrier
density is contacted by multiple electrodes in
both regions. Under a transverse magnetic field,
injected electrons undergo cyclotron motion
with a radius determined by the Lorentz force.
In the absence of a junction, a resonant conduc-

tion path (measured as a voltage peak) is realized
when the cyclotron radius is half the distance
between the current and voltage electrodes, cor-
responding to the condition B ¼ j ⋅2ℏ

ffiffiffiffiffiffi
pn

p
=eL,

where j is the resonant mode number (physi-
cally corresponding to the number of half circles
that fit between the electrodes), e is the electron
charge, B is the magnetic field, L is the distance
between the electron emitter and voltage de-
tector, and n is the charge-carrier density (31).
In a split-gate geometry, the resonant path de-
pends on the carrier density in each region and
can be considered separately for the three dis-
tinct scenarios shown in Fig. 1B: (i) equal density
(n-n or p-p): the junction is fully transparent
and there is no refraction, recovering the same
resonance condition given above; (ii) same car-
rier type but unequal density (p-p′ or n-n′): pos-
itive refraction across the boundary, resulting
in a deviation of the resonance condition but
with carriers still focused to the voltage probe
on the same side of the sample; and (iii) p-n′
(unequal electron-hole densities): negative refrac-
tion occurs and there is a change in the sign of
the Lorentz force, causing the charge carriers to
be focused to the voltage probe on the opposite
side of the sample. The sample geometry fully
determines the relation between the magnetic
field, B, and charge densities, n1 and n2, of the
two gated regions [for analytic relations defin-
ing each of the lowest resonant modes, see (32)].
For all three cases, varying the magnetic field
changes the angle of incidence (q1) at the bound-
ary, whereas varying the carrier density on the
right side changes both the angle of refraction
(q2) and the cyclotron radius on the right side.
Thus, by mapping out the resonance condition
for transmission between the injection and col-
lection electrodes, we can effectively measure q2
as a function of q1 to directly verify Snell’s law
for both positive and negative refraction.
An optical micrograph and schematic cross

section of a typical device measured in this study
are shown in Fig. 1C. Monolayer graphene was
encapsulated in boron nitride (h-BN); half of it
was placed across a few-layer graphite bottom
gate that was previously exfoliated onto an oxi-
dized, heavily doped Si wafer. The heterostruc-
ture was then plasma etched into a rectangular
shape and side-contacted using previously de-
scribed techniques (33). Independently voltage-
biasing the bottom layer graphite and doped-silicon
gates allows us to realize a split-gate p-n junction
(Fig. 1B). Because a naturally cleaved graphite
edge is used, the junction is expected to be
atomically smooth (32).
In the TMF measurement, electrons are in-

jected at one side of the graphite-gated region
and collected at an electrode on the opposing
side, whereas the voltage is measured across
parallel electrodes in the Si-gated region (Fig. 1A).
Figure 2A shows a typical result, in which the
four-terminal resistance is acquired at constant
hole density in the injection region (Vgraphite = –1 V,
corresponding to a density of 6.76 × 1011 cm–2)
as a function of detection side gate voltage (VSi)
and magnetic field. For the p-p′ configuration,

1522 30 SEPTEMBER 2016 • VOL 353 ISSUE 6307 sciencemag.org SCIENCE

1Department of Physics, Columbia University, New York, NY
10027, USA. 2Department of Applied Physics and Applied
Mathematics, Columbia University, New York, NY 10027,
USA. 3Department of Electrical and Computer Engineering,
University of Virginia, Charlottesville, VA 22904, USA.
4Department of Physics, Cornell University, Ithaca, NY 14853,
USA. 5Department of Mechanical Engineering, Columbia
University, New York, NY 10027, USA. 6National Institute for
Materials Science, 1-1 Namiki, Tsukuba 305-0047, Japan.
7Shenyang National Laboratory for Materials Science,
Institute of Metal Research, Chinese Academy of Sciences,
Shenyang 110016, P. R. China. 8IBM Thomas J. Watson
Research Center, 1101 Kitchawan Road, Yorktown Heights,
NY 10598, USA.
*These authors contributed equally to this work. †Present address:
Intel Corp., Santa Clara CA 95054, USA. ‡Corresponding author.
Email: cdean@phys.columbia.edu

RESEARCH | REPORTS

D
ow

nloaded from
 https://w

w
w

.science.org at U
niversite de B

ordeaux on June 13, 2022

both the fundamental resonance and multiple
higher-order resonant peaks appear. The resonance
paths can not be fit to a simple B ∼

ffiffiffi
n

p
depen-

dence (fig. S4), with the most notable deviation
a pronounced kink in the second-order resonance.
For positive Si gate values (p-n′ configuration),
only the lowest-order resonance mode is observed,
with all higher orders apparently suppressed. The
resonance peak is opposite in sign compared with
the p-p′ case. This is a direct signature of carrier
focusing to the upper voltage terminal.
A detailed simulation of electron trajecto-

ries using a semiclassical Billiard model (34, 35)
was performed and compared to experiment (32).
In this model, electrons are injected from the
source at randomly distributed angles, weighted
by a normal distribution of standard deviation
sinj = p/15. By following their cyclotron trajecto-
ries across the junction (junction roughness is
not included in the model), the probabilities of
reaching the voltage probes are calculated. Trans-
mission across the junction is modeled assuming
the electronic Snell’s law and momentum filter-
ing (20, 25). Figure 2B shows the difference in
probability between the two voltage leads from
our simulation using identical conditions as
the experiment data in Fig. 2A. The simulation
matches well with the general features of our
experimental data for both p-p′ and p-n′ cases,
reproducing the trajectory of all higher-order
resonances in the p-p′ condition, as well as the

existence of only a single mode, with opposite
sign for the p-n′ case. Simulation reveals that
the kink in the p-p′ case results from electrons
hitting the edge of device at the junction (fig.
S9). For p-n′, only the lowest order is observed
as the number of electrons reaching the upper
electrode reduces exponentially owing to a fil-
tering effect every time electrons cross the p-n
junction (18, 27). There is some discrepancy in
the higher-order p-p′ resonances between ex-
periment (Fig. 2A) and simulation (Fig. 2B). We
believe that this is caused by the uncertainty in
the fabricated device geometry (~50 nm), finite
contact width (~300 nm), and edge roughness
(fig. S11), all of which become increasingly im-
portant as the cyclotron radius approaches a
similar length scale.
In both the experimental and simulated data

sets, the trajectory of the lowest-order resonance
is well captured by our geometric model (dashed
lines in Fig. 2, A and B). In Fig. 2D, the peak
position is shown as a function of B and n2 for
both p-p′ (red circles) and p-n′ (blue circles).
Also plotted are similar data points acquired
by synchronizing the gates to maintain matched
carrier density, giving the trajectory of the p-p
(green circles) and n-n (yellow circles) response
(see fig. S5) for the magnetic focusing in the
matched density regime). The theoretical reso-
nant peak positions calculated from the geo-
metric model are shown as solid and dashed

lines. Excellent agreement is found between the
peak positions and the theoretical curves for all
four cases. In generating the theoretical curves,
we use as inputs only the sample geometry (length
L = 4.05 mm and widthW = 3.95 mm) and the gate
efficiencies as extracted from Hall effect measure-
ments (32), so that effectively there are no free
parameters. We have repeated this measurement
with three devices of varying sizes and with
various gate configurations, all giving similar
results (fig. S6). For any combination of B, n1,
and n2, the device geometry dictates the inter-
section of the electron trajectory with the
junction. For each point along the first-order
resonant peak in Fig. 2A, we can therefore de-
duce the angle between the charge-carrier tra-
jectory and the boundary normal in each region.
In Fig. 2E, the corresponding values of kisinðqiÞ
for each region are plotted. The data show a
linear relation with unity slope, confirming
the expected Snell’s law relation for electrons.
For the case of opposite carrier type, the rela-
tion shows a negative unity slope, unambigu-
ously confirming negative refraction.
Because the points along the resonance mode

can be correlated with the incidence angle, com-
paring the peak intensity at each point provides
a measure of the angular-dependent transmission
coefficient across the junction. The transmission
probability across a p-n junction is theoretically
determined by a chiral tunneling process between
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Fig. 1. Electron refraction. (A) A transverse magnetic field is used to focus
electrons onto a split-gate junction at variable incident angles.The cyclotron
radius, determined by the magnetic field and Fermi momentum (or related
carrier density), determines the incidence angle. The density difference
across the boundary, induced by the two gate voltages, determines the re-
fraction angle. (B) A resonant path is shown for three example scenarios

corresponding to p-p (equal hole density), p-p′ (unequal hole density), and
p-n′ (unequal hole-electron densities). In our measurement scheme, den-
sity n1 is fixed, whereas B and n2 are varied. (C) Optical image (top) anmd
cartoon schematic (bottom) of split-gate device. A naturally cleaved graphite
edge is used to define an atomically smooth electrostatic boundary. Scale
bar, 5 mm.
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Negative refraction and cyclotron focusing

both the fundamental resonance and multiple
higher-order resonant peaks appear. The resonance
paths can not be fit to a simple B ∼

ffiffiffi
n

p
depen-

dence (fig. S4), with the most notable deviation
a pronounced kink in the second-order resonance.
For positive Si gate values (p-n′ configuration),
only the lowest-order resonance mode is observed,
with all higher orders apparently suppressed. The
resonance peak is opposite in sign compared with
the p-p′ case. This is a direct signature of carrier
focusing to the upper voltage terminal.
A detailed simulation of electron trajecto-

ries using a semiclassical Billiard model (34, 35)
was performed and compared to experiment (32).
In this model, electrons are injected from the
source at randomly distributed angles, weighted
by a normal distribution of standard deviation
sinj = p/15. By following their cyclotron trajecto-
ries across the junction (junction roughness is
not included in the model), the probabilities of
reaching the voltage probes are calculated. Trans-
mission across the junction is modeled assuming
the electronic Snell’s law and momentum filter-
ing (20, 25). Figure 2B shows the difference in
probability between the two voltage leads from
our simulation using identical conditions as
the experiment data in Fig. 2A. The simulation
matches well with the general features of our
experimental data for both p-p′ and p-n′ cases,
reproducing the trajectory of all higher-order
resonances in the p-p′ condition, as well as the

existence of only a single mode, with opposite
sign for the p-n′ case. Simulation reveals that
the kink in the p-p′ case results from electrons
hitting the edge of device at the junction (fig.
S9). For p-n′, only the lowest order is observed
as the number of electrons reaching the upper
electrode reduces exponentially owing to a fil-
tering effect every time electrons cross the p-n
junction (18, 27). There is some discrepancy in
the higher-order p-p′ resonances between ex-
periment (Fig. 2A) and simulation (Fig. 2B). We
believe that this is caused by the uncertainty in
the fabricated device geometry (~50 nm), finite
contact width (~300 nm), and edge roughness
(fig. S11), all of which become increasingly im-
portant as the cyclotron radius approaches a
similar length scale.
In both the experimental and simulated data

sets, the trajectory of the lowest-order resonance
is well captured by our geometric model (dashed
lines in Fig. 2, A and B). In Fig. 2D, the peak
position is shown as a function of B and n2 for
both p-p′ (red circles) and p-n′ (blue circles).
Also plotted are similar data points acquired
by synchronizing the gates to maintain matched
carrier density, giving the trajectory of the p-p
(green circles) and n-n (yellow circles) response
(see fig. S5) for the magnetic focusing in the
matched density regime). The theoretical reso-
nant peak positions calculated from the geo-
metric model are shown as solid and dashed

lines. Excellent agreement is found between the
peak positions and the theoretical curves for all
four cases. In generating the theoretical curves,
we use as inputs only the sample geometry (length
L = 4.05 mm and widthW = 3.95 mm) and the gate
efficiencies as extracted from Hall effect measure-
ments (32), so that effectively there are no free
parameters. We have repeated this measurement
with three devices of varying sizes and with
various gate configurations, all giving similar
results (fig. S6). For any combination of B, n1,
and n2, the device geometry dictates the inter-
section of the electron trajectory with the
junction. For each point along the first-order
resonant peak in Fig. 2A, we can therefore de-
duce the angle between the charge-carrier tra-
jectory and the boundary normal in each region.
In Fig. 2E, the corresponding values of kisinðqiÞ
for each region are plotted. The data show a
linear relation with unity slope, confirming
the expected Snell’s law relation for electrons.
For the case of opposite carrier type, the rela-
tion shows a negative unity slope, unambigu-
ously confirming negative refraction.
Because the points along the resonance mode

can be correlated with the incidence angle, com-
paring the peak intensity at each point provides
a measure of the angular-dependent transmission
coefficient across the junction. The transmission
probability across a p-n junction is theoretically
determined by a chiral tunneling process between
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III) Andreev reflection at graphene/
superconductor interface
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Specular interband Andreev reflections at van der
Waals interfaces between graphene and NbSe2

D. K. Efetov1*, L. Wang2, C. Handschin1, K. B. Efetov3,4, J. Shuang5, R. Cava5, T. Taniguchi6,
K. Watanabe6, J. Hone2, C. R. Dean1 and P. Kim1*
Electrons incident from a normal metal onto a superconductor
are reflected back as holes—a process called Andreev re-
flection1–3. In a normal metal where the Fermi energy is
much larger than a typical superconducting gap, the reflected
hole retraces the path taken by the incident electron. In
graphene with low disorder, however, the Fermi energy can
be tuned to be smaller than the superconducting gap. In
this unusual limit, the holes are expected to be reflected
specularly at the superconductor–graphene interface owing to
the onset of interband Andreev processes, where the effective
mass of the reflected holes changes sign4,5. Here we present
measurements of gate-modulated Andreev reflections across
the low-disorder van der Waals interface formed between
graphene and the superconducting NbSe2. We find that the
conductance across the graphene–superconductor interface
exhibits a characteristic suppression when the Fermi energy
is tuned to values smaller than the superconducting gap, a
hallmark for the transition between intraband retro Andreev
reflections and interband specular Andreev reflections.

Andreev reflection (AR) is a process transferring charges from a
normal metal (N) into a superconductor (SC; refs 1–3). When an
NS interface is biased with an energy eVns above the Fermi energy
εF, an electron can only be injected into the SC gap ∆, if a hole is
reflected back with an energy of eVns below εF, creating a Cooper
pair at the Fermi level. For a straight N/SC interface, themomentum
conservation along the boundary must be conserved. Thus the inci-
dence angle of an incoming electron, θinc, and the reflected angle of
a hole, θref, have a simple relation pe sinθinc=ph sinθref, where pe and
ph are the total momentum of the electron and hole, respectively. In
the limit εF ≫∆, which holds for a typical NS junction, the reflected
hole is metal-like and remains in the conduction band of the normal
metal, and therefore necessarily carries the opposite sign of themass
as compared to the electron. To conserve the momentum, the hole
reflects back along a path of the incident electron, exhibiting nearly
perfect retro-AR, with θref ≈−θinc (refs 6–8).

If, however, the Fermi energy can be tuned such that εF ≤ ∆,
a completely different kind of AR is expected. In this case the
energy difference, 2eVns, provided by the AR process can result in
the reflected hole appearing in the valence band rather than the
conduction band. The reflected semiconductor-like hole now has
the samemass sign as the incident electron, and therefore, according
to momentum conservation, travels in the same direction along
the interface (θref > 0 in Fig. 1). In the ultimate limit of εF = 0,
the angle of reflection equals the angle of incidence θref = θinc—a
process called specular reflection4,5. The condition for specular-AR

is satisfied whenever ∆> eVns > εF (Fig. 1a right panel), and is
therefore predicted to be observable when the normal metal in the
N/SC junction consists of a zero-gap semiconductor (ZGS), and the
Fermi energy is tuned close to the charge neutrality point (CNP)
where the conduction band and valence band meet.

Graphene provides an ideal platform to exhibit both intraband
and interband AR. Its two-dimensional nature and ZGS properties
enable a crossover to be induced between intraband and interband
AR by tuning εF through the electric field effect9–11. However,
accessing the regime εF ∼ ∆, a necessary condition to realize
the interband AR, has been technically challenging. In typical
graphene samples on a SiO2 substrate, strong potential fluctuations
up to δεF ∼ 50meV have been typically observed owing to the
presence of charged impurities12. This value is much larger
than ∆ in a typical SC. The recent progress in producing
suspended13 and hexagonal boron nitride (hBN)-supported
graphene samples14 has now allowed these fluctuations to be
greatly reduced down to δεF ∼ 5meV (ref. 15). Despite the steady
experimental progress that has been made in contacting graphene
with various superconducting metals16–20, including recent work
on the edge contact on graphene21,22, fabricating transparent SC
contacts on graphene channels with extremely low inhomogeneity
has yet to be realized.

In this letter we employ a novel non-invasive approach to
fabricate N/SC interfaces with an unprecedented energy resolution
close to the CNP. For this purpose we electronically couple (see
Supplementary Information for details of the method) a high-
mobility hBN/bilayer graphene (BLG) device and a 20–100 nm
thin NbSe2 flake. NbSe2 is a van der Waals (vdW) SC with a
critical temperature Tc ∼ 7K and a large ∆∼ 1.2meV (refs 23–25;
Fig. 1b). We use the dry-vdW transfer technique and a current
annealingmethod14,26 to achieve ohmic interfaces between graphene
and NbSe2 with a low junction resistance (see Supplementary
Information). In this experiment, we chose BLG rather than single-
layer graphene to minimize δεF near the CNP. Owing to the larger
density of states of BLG near the CNP, a smaller δεF can be obtained
in BLG given the similar level of substrate-induced inhomogeneity.
The devices were fabricated on heavily degenerated Si substrates
topped with 300 nm SiO2, where a back-gate voltage Vbg is applied
to tune the εF value of the BLG channel.

We characterize the electronic transport properties across the
vdW N/SC junction by measuring the differential resistance
dV/dI as a function of the channel current Isd. The inset
of Fig. 1c shows typical traces for a high back-gate voltage
Vbg=−50V that corresponds to a representative condition εF ≫∆.
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Figure 1 | Andreev reflections in hBN/BLG/NbSe2 hetero-structures. a, Schematics of the AR processes at a normal metal/SC (left) and a zero-gap
semiconductor/SC interface (right). An electron from the CB with a total energy of εF+eVns is reflected as a hole with an energy εF−eVns, forming a
Cooper pair at εF in the SC. For large εF the hole remains in the CB, resulting in an intraband retro-reflection process. For small enough εF the hole
undergoes an interband transition into the VB, resulting in specular reflections. b, Top: colour-enhanced optical image of the hBN/BLG device before the
transfer of the NbSe2 flake (marking its final position). The NbSe2 and the hBN/BLG stack form an electrically coupled overlap region. Bottom left:
schematic diagram of the vertical cross-section of the vdW stack. Bottom right: sketch of the final device on top of a 300 nm SiO2/Si back gate. c, Inset:
temperature dependence of the differential resistance dV/dI versus bias current Isd across the BLG/NbSe2 interface at Vbg=−50V. Strong variations of
dV/dI appear below the NbSe2 value of Tc∼7K. Main: normalized conductance G1.7K/G10K versus Vns. The characteristic double-peak lineshape arises
from ARs in the limit εF≫∆.

We observe that the dV/dI(Isd) traces become increasingly
nonlinear for temperatures T < Tc. To resolve these features
better, we divide traces taken below and above Tc (here at
T = 1.7 K and T = 10K) and obtain the normalized differential
conductanceG1.7K/G10K=(dV/dI10K)/(dV/dI1.7K). Figure 1c shows
G1.7K/G10K as a function of the voltage drop across the N/SC
junction Vns, estimated by considering the BLG channel resistance
(Supplementary Information). The most salient feature of the
resulting G1.7K/G10K(Vns) curve is a conductance dip around zero
bias with two pronounced conductance peaks at |Vns|∼±1.2mV.
The position of these peaks is consistent with the value of ∆NbSe2 .
Later, we will show that this lineshape is characteristic for typical
N/SC junctions with εF ≫ ∆ and can be explained in terms of
intraband retro-ARs (refs 6–8,27).

The ability to tune εF enables us to investigate the characteristic
AR signal at the continuous transition from large to small εF.
The left panel of Fig. 2a shows the characteristic longitudinal
resistance Rxx of the BLG channel versus Vbg. An upper bound
of δεF < 1meV is estimated from the full-width at half-maximum
(FWHM)of theRxx(Vbg) peak13–15, demonstrating that the condition
εF<∆ can be realized in this sample. The indirect estimates of
δϵF from the FWHM, however, are typically found to be much
higher than from more direct measurements of δϵF by scanning
gate12 or scanning tunnelling microscopy15, allowing one to assume
a much smaller spatial energy variation in our sample. The right
panel of Fig. 2a shows simultaneous measurements of G1.7K/G10K
as a function of both the voltage drop at the N/SC interface Vns
and Vbg. For large εF, |Vbg|>2V, G1.7K/G10K(Vns) exhibits a similar
behaviour to that described in Fig. 1c, showing the characteristic
conductance dip around the zero-bias condition Vns=0. However,
near the CNP, for |Vbg|< 2V, the G1.7K/G10K(Vns) traces exhibit
marked variations. These result in dispersing conductance dip
features that approximately follow the relation |eVns|∼ |εF| (Fig. 2c,
top) and form a distinctive cross-like lineshape around the CNP
point (Fig. 2a).

To explain these experimental findings at the crossover from
the upper to the lower εF limit, we develop a theoretical
model based on the Bogoliubov–de Gennes equations and the
Blonder–Tinkham–Klapwijk (BTK) formalism for the conductance
across the BLG/SC interface Gns at T = 0K. We also compute the
normal conductance Gnn for T >Tc (∼10K) (see Supplementary
Information for details). Figure 2b shows the resulting normalized

conductance Gns/Gnn as a function of εF and Vns for energy
ranges comparable to those in the experimental data. The
theoretical model demonstrates qualitatively good agreement with
the experimentally obtained normalized conductance in Fig. 2a.
Conductance lineshapes in both regimes (Fig. 2c, bottom), the zero-
bias conductance dips for |εF|≫∆ and the dispersing conductance
dips for |εF|∼∆, are matched qualitatively and quantitatively with
the theory. The slight asymmetry of the theoretical conductance
around zero bias is due to the shift of the Fermi energy in the BLG
channel when a bias voltage is applied across the N/SC junction.

Further quantitative comparison between the experiment and
the theoretical model in the small-energy regime |εF| ∼ ∆
can be performed by re-plotting the experimental G1.7K/G10K
map as a function of εF and Vns (Fig. 3a—see Supplementary
Information for the conversion scheme). In both graphs, one can
identify four regions of enhanced conductance (coloured blue):
two of them for |εF| > |eVns| and two for |εF| < |eVns|. These
regions are separated from each other by connected regions of
reduced conductance (coloured red) that approximately follow
the dependence |εF|∼ |eVns|, forming diagonal lines that are
roughly symmetrically arranged with respect to εF = eVns = 0 in
the conductance maps. Several representative line cuts, showing
G1.7K/G10K(εF), clearly exhibit similar features for both experimental
and theoretical traces, with good quantitative agreement for the
positions of the conductance dips (Fig. 3b).

The various features observed in the conductance map can be
explained by analysing the microscopic processes for different εF
(Fig. 3c). ARs for SLG and BLG involve intervalley processes due to
the time reversal symmetry of the backwardsmotion of the reflected
hole4,16,17,28. Therefore, for εF > eVns, an electron in the K-valley of
the CB with an energy of εF + eVns is reflected as a hole in the
K′-valley of the CB with an energy εF − eVns > 0. This intraband
AR process gives rise to a relatively high conductance, analogous
to ARs in normal metals in the limit εF ≫∆. When εF decreases,
however, the phase space for the reflected hole is decreased, resulting
in a decreasing conductance. This effect culminates in a minimum
in conductance at the condition εF = eVns, where the hole is at
the CNP and intraband ARs cease to exist. For εF < eVns the hole
undergoes an interband transition into the VB and the conductance
again increases.

This non-monotonic conductance change as a function of εF
can be quantitatively explained by the existence of a critical angle
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Figure 3 | Specular interband Andreev reflections at the CNP. a, Experimental G1.7K/G10K and theoretical Gns/Gnn colour maps as a function of Vns and εF
in the limit |εF|∼∆. A continuous region of lower conductance (red) that is defined for |εF|∼ |eVns| (white dashed lines) subdivides the map into four
disconnected regions of comparatively high conductances (blue). In the regions where |εF|> |eVns| the ARs are of the retro type, whereas in the regions
where |εF|< |eVns| the ARs are of the specular type. b, Experimental G1.7K/G10K(εF) and theoretical Gns/Gnn(εF) line-traces demonstrate the evolution of
the conductance dips (red arrows) with varying Vns. c, Schematics of the AR process for BLG at the crossover from intraband to interband ARs. With
decreasing εF at a fixed Vns the AR hole moves from the CB to the VB. The crossover point where the hole is reflected onto the CNP is defined by εF=eVns.
d, Excitation spectrum ε(px)=eVns for a fixed εF<∆. With an increasing excitation voltage Vns, the momentum px of the reflected hole increases
continuously from negative to positive values, passing through zero when εF=eVns. Note that the quasi-particle excitation spectrum depends only on px, as
py is conserved during the AR process. e, Schematics of the reflection angles of AR holes in the various energy limits. Starting from perfect intraband
retro-reflections in the high-εF limit, θref increases continuously towards −π/2 as εF is lowered. At the crossover point separating intraband and interband
ARs, εF=eVns, θref exhibits a jump to π/2, which eventually results in perfect interband specular reflections (θref=θinc) when εF=0.
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Figure 3 | Specular interband Andreev reflections at the CNP. a, Experimental G1.7K/G10K and theoretical Gns/Gnn colour maps as a function of Vns and εF
in the limit |εF|∼∆. A continuous region of lower conductance (red) that is defined for |εF|∼ |eVns| (white dashed lines) subdivides the map into four
disconnected regions of comparatively high conductances (blue). In the regions where |εF|> |eVns| the ARs are of the retro type, whereas in the regions
where |εF|< |eVns| the ARs are of the specular type. b, Experimental G1.7K/G10K(εF) and theoretical Gns/Gnn(εF) line-traces demonstrate the evolution of
the conductance dips (red arrows) with varying Vns. c, Schematics of the AR process for BLG at the crossover from intraband to interband ARs. With
decreasing εF at a fixed Vns the AR hole moves from the CB to the VB. The crossover point where the hole is reflected onto the CNP is defined by εF=eVns.
d, Excitation spectrum ε(px)=eVns for a fixed εF<∆. With an increasing excitation voltage Vns, the momentum px of the reflected hole increases
continuously from negative to positive values, passing through zero when εF=eVns. Note that the quasi-particle excitation spectrum depends only on px, as
py is conserved during the AR process. e, Schematics of the reflection angles of AR holes in the various energy limits. Starting from perfect intraband
retro-reflections in the high-εF limit, θref increases continuously towards −π/2 as εF is lowered. At the crossover point separating intraband and interband
ARs, εF=eVns, θref exhibits a jump to π/2, which eventually results in perfect interband specular reflections (θref=θinc) when εF=0.
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Figure 3 | Specular interband Andreev reflections at the CNP. a, Experimental G1.7K/G10K and theoretical Gns/Gnn colour maps as a function of Vns and εF
in the limit |εF|∼∆. A continuous region of lower conductance (red) that is defined for |εF|∼ |eVns| (white dashed lines) subdivides the map into four
disconnected regions of comparatively high conductances (blue). In the regions where |εF|> |eVns| the ARs are of the retro type, whereas in the regions
where |εF|< |eVns| the ARs are of the specular type. b, Experimental G1.7K/G10K(εF) and theoretical Gns/Gnn(εF) line-traces demonstrate the evolution of
the conductance dips (red arrows) with varying Vns. c, Schematics of the AR process for BLG at the crossover from intraband to interband ARs. With
decreasing εF at a fixed Vns the AR hole moves from the CB to the VB. The crossover point where the hole is reflected onto the CNP is defined by εF=eVns.
d, Excitation spectrum ε(px)=eVns for a fixed εF<∆. With an increasing excitation voltage Vns, the momentum px of the reflected hole increases
continuously from negative to positive values, passing through zero when εF=eVns. Note that the quasi-particle excitation spectrum depends only on px, as
py is conserved during the AR process. e, Schematics of the reflection angles of AR holes in the various energy limits. Starting from perfect intraband
retro-reflections in the high-εF limit, θref increases continuously towards −π/2 as εF is lowered. At the crossover point separating intraband and interband
ARs, εF=eVns, θref exhibits a jump to π/2, which eventually results in perfect interband specular reflections (θref=θinc) when εF=0.
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Internal degrees of freedom

ValleytronicsSpintronics 

Chirality?

In devices using electronic optics, it would be interesting to design  
lenses that focus a specific eigenvalue of spin or chirality.  

Veselago lensing is useful because it allows focusing by a planar interface, but 
at this stage it is spin/chirality insensitive



IV) Veselago lensing  
in 3D Weyl semi-metals

S. Tchoumakov, J. Cayssol, and A.G. Grushin, PRB 105, 075309 (2022)



Chirality filtering

S. TCHOUMAKOV et al. PHYSICAL REVIEW B 104, 125308 (2021)

of Eq. (1) is Eσ (k) = −b0 + σ |h(k)| which describes a Weyl
cone centered at energy −b0 and wave vector b = (bx, by, bz ).
The index σ = ± denotes the conduction and valence bands,
respectively, and the linear dispersion is characterized by the
velocities v = (vx, vy, vz ). We consider Weyl cones with cu-
bic symmetry, so the principal axes associated with v are
all orthogonal and there is no tilt. The influence of the tilt
on transport was studied in Refs. [12,20,21] and we focus
our discussion on the asymmetry related to the shift of Weyl
cones in momentum and in energy, and their respective isospin
textures. The corresponding eigenmodes read

"σ
k (r) = 1√

2

(
ασ (k)
βσ (k)

)
, (2)

where φ = arg(hx + ihy) and

ασ (k) =
(

1 + σ
hz(k)
|h(k)|

)1/2

, (3)

βσ (k) = σ

(
1 − σ

hz(k)
|h(k)|

)1/2

eiφ . (4)

In the following we focus on electron dynamics in the conduc-
tion band, where σ = +, and drop the mention to the index
σ . The orientation Sk = ⟨ψk|σ̂ |ψk⟩ of the eigenmodes on the
Bloch sphere as a function of momentum depends on the sign
and amplitude of the velocities v = (vx, vy, vz ). The orienta-
tion of v is associated with various helical isospin textures at
the Fermi surface which can be characterized by their chirali-
ties χ = sign(vxvyvz ) = ±1. A Weyl material can have many
Weyl points, that come in pairs of opposite chiralities [18,19].
They can be centered at various momenta and energies, and a
Weyl semimetal is said to be chiral if there is a larger density
of states of quasiparticles of one chirality over the other. This
situation occurs in crystals with low enough symmetries, such
as chiral crystals where all mirrors are absent [22– 29].

In the following we model the scattering of electrons at a
junction between two chiral Weyl materials. We model each
chiral Weyl semimetal by considering different energy shifts,
b0

χ , on cones of opposite chiralities, χ = ±, but with a com-
mon amplitude for the velocities, |vx| = |vy| = |vz| = 1, and
we allow v to point in arbitrary directions. The situation with
anisotropic velocities can be recovered by rescaling momenta.
We first consider the situation where electrons only scatter

between two cones, with a single cone on either side of the
interface. We then model the situation where the scattering
occurs between multiple cones.

B. Scattering between two Weyl cones

We consider a sharp interface at z = 0 where a Weyl node
is shifted in momentum and energy from bL and E0L for z < 0,
to bR and E0R for z > 0. This situation is illustrated in Fig. 1,
where blue and red cones describe the electron gas on each
side of the interface. These overlapping Weyl nodes can have
have different velocities v L,R, related to different helical spin
textures that we depict in Fig. 1 with arrows.

We suppose electrons scatter elastically; i.e., they conserve
their energy E . Also, owing to the translation invariance of
the interface, at z = 0, the components of the wave vectors

FIG. 1. Weyl semimetal junction. At each side of the interface
(gray plane), we illustrate the band structures of the two Weyl
semimetals (red and blue cones) and the overlap of their Fermi
seas (red and blue circles), with the associated isospin textures. An
incoming wave packet (blue arrow) is either transmitted (red arrow)
or reflected (green arrow). Transmission occurs if two conditions are
satisfied: (1) that the projection of the Fermi surfaces on the (kx, ky )
plane overlap, and (2) that eigenspinors are nonorthogonal.

parallel to the interface k∥ = (kx, ky) are conserved. This leads
to the following set of equalities:

kz,i ≡ −kz,r = 1
|vz,L|

√
(E − E0L )2 − v2

x,L(kx − bx,L )2 − v2
y,L(ky − by,L )2,

kz,t = 1
|vz,R|

√
(E − E0R)2 − v2

x,R(kx − bx,R)2 − v2
y,R(ky − by,R)2, (5)

where kz,i, kz,r , and kz,t are respectively the incoming, re-
flected, and transmitted wave vectors normal to the interface.
The conservation of the probability current jz = vzψ

† σ̂zψ
normal to the interface can be expressed as a linear transfor-
mation of the wave function when crossing the interface, like
ψL(z = 0) = ĝψR(z = 0) where ĝ is a matrix and ψL,R are
respectively the components of the wave function for z < 0
and z > 0 (see Appendix A 1).

In the situation where vz,L/vz,R > 0, the conservation of
current is satisfied by the continuity of the wave function
ψL(z = 0) = ψR(z = 0), so an eigenstate of energy E satisfies

(
αL(ki )
βL(ki )

)
+ r

(
αL(kr )
βL(kr )

)
= tM̂

(
αR(kt )
βR(kt )

)
, (6)

where M̂ = 1̂. The L, R subscripts of α(k) and β(k) remind
us that Eqs. (3) and (4) should be evaluated for the parameters
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First idea : shifting the Weyl nodes in momentum space

Interface



3D Veselago lensing

Recipe : Replace graphene by a 3D Weyl/Dirac semimetal

1) Large carrier density but hard to tune it by gating 

2) Bad interfaces because 2 different materials (disorder)

3) Insensitivity to internal degree of freedom : spin or chirality

3 Issues :

Solution :

Use the chiral anomaly to create selectively a pn junction for one chirality only



Chirality of a Weyl fermion

Chirality : projection of spin along momentum

Total chirality is zero : even number of Weyl nodes

Positive chirality Negative chirality

(Nielsen-Ninomiya)

HR = v� · (p�K)
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Chiral anomaly
Simplest case : two Weyl nodes of opposite chiralities

Surface states calculated in the Haldane (2014) model also
show that Fermi arcs could continue to exist above the Lifshitz
transition, when the Fermi surfaces surrounding the two Weyl
points merge. However, Fermi arc surface states bridging
disconnected Fermi surfaces imply that they carry a nontrivial
Chern number. This suggests an experimental diagnostic to
determine the existence of a Weyl metal. Consider a closed k-
space curve at constant energy in the surface Brillouin zone
and determine the electronic states intersected by it. If an odd
number of surface states are encountered, and no bulk states,
then one is required to have a nontrivial Chern number on the
bulk Fermi surface enclosed by the curve (Lv et al., 2015b;
Belopolski et al., 2016c) and hence we can define this as a
“Weyl metal.” The surface states intersected need to be
counted in a sign sensitive fashion, with !1 depending on
whether their velocity is along or opposite to the direction of
traversal of the contour. This quantity is related to the total
Chern number of Fermi surfaces enclosed by the contour.
A useful alternate viewpoint on Fermi arc surface states is to

imagine growing the three-dimensional bulk beginning with a
thin slab. Initially, the opposite surfaces are close to one
another, and viewed as a 2D system this should have a
conventional closed Fermi surface. As the separation between
the opposite faces increases, opposite halves of the Fermi
surface migrate to opposite surfaces, leading to the Fermi arcs.

This is analogous to obtaining a single Dirac node on the
surface of a topological insulator by starting with a pair of
Dirac nodes in 2D and gradually separating them to opposite
surfaces (Wu et al., 2013). One important distinction for the
Fermi arc case is that the surface states must become extended
into the bulk at the termination point of the Fermi arc. One can
utilize this viewpoint to construct models of WSMs with any
given surface Fermi arc dispersion as in Hosur (2012). A more
mathematical perspective on Fermi arc surface states was
described by Mathai and Thiang (2017).
The most direct observation of Fermi arc surface states has

been achieved through ARPES and more recently scanning
tunneling microscopy (STM) studies on the WSM candidate
TaAs, which are reviewed later. Another standard probe of
Fermi surfaces is quantum oscillations, which can also be used
to study Fermi arc surface states. However, as the correspond-
ing theory involves both Fermi arcs and chiral Landau levels
(LLs), stitched together in a consistent fashion, we discuss this
in Sec. II.C.5.

2. The chiral anomaly

In a WSM with a pair of Weyl nodes of opposite chirality,
the number of electrons in the vicinity of each is modified in
the presence of electric and magnetic fields via

FIG. 7. (a) Opposite Weyl nodes in a T-breaking WSM in the absence of fields. (b) Spectrum in a magnetic field along the z axis
displaying Landau levels that disperse along the field. The zeroth Landau levels are chiral. In addition, an electric field along z generates
valley imbalance. (c) Anomalous Hall effect from chiral Fermi arc surface states whose magnitude is determined by the Weyl node
separation in momentum space, when the chemical potential is at the Weyl nodes. (d) On moving the chemical potential away from the
Weyl nodes, the anomalous Hall conductivity changes but only marginally in the model considered by Burkov (2014) up to the chemical
potential when the Fermi surfaces enclosing the two Weyl points merge.
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dn3DR=L
dt

¼ " e2

h2
E ·B; ð13Þ

where we inserted the superscript to remind us that we are
dealing with 3D Weyl fermions. Therefore, even in the
presence of spatially uniform fields, which may be oriented
in an arbitrary direction relative to the separation of the Weyl
nodes, the density of electrons at an individual node is not
conserved. In particular, this immediately tells us that a single
Weyl node, or any set with an unbalanced chirality, is
problematic, since it will lead to nonconservation of electric
charge. However, if the chirality is balanced, as happens for
any lattice realization, the opposite Weyl nodes act as sources
and sinks of electrons, leading to nodal (or valley) polar-
izations, while preserving the total charge. To give some
intuition for how this arises, let us first consider the one-
dimensional analog (the chiral anomaly appears in any odd
spatial dimension). The number density at a pair of one-
dimensional Weyl nodes will correspondingly obey

dðn1DR=LÞ
dt

¼ " e
h
E. ð14Þ

This is readily derived from the semiclassical equation of
motion which will accelerate electrons along the field
_k ¼ eE=ℏ. When this change of momentum equals the
spacing between momentum states 2π=L, an extra electron
is added (removed) from the right moving (left moving) Weyl
point leading to Eq. (14). The key ingredient of course is the
fact that in a condensed matter context the left and right Weyl
points are not really distinct entities in a lattice model, rather
they are connected beneath (and above) the Fermi level, so one
cannot clearly separate electrons associated with one group
or the other at arbitrarily high energies. In fact the one-
dimensional chiral anomaly is an essential ingredient in
generating electrical conductivity. If we associate a scattering
mechanism that relaxes any density imbalance between the
two nodes with a rate 1=τa, then we can write the following
modified rate equation:

dðn1DR − n1DL Þ
dt

¼ 2
e
h
E −

n1DR − n1DL
τa

. ð15Þ

In steady state this leads to a current I ¼ 2e2El=h, where the
scattering length l ¼ vFτa. A similar calculation can be
applied to metals in 2D or 3D, where the different points
of the Fermi surface can be regarded as one-dimensional chiral
fermions propagating along the local Fermi velocity, and the
shift of the Fermi surface in an electric field being just
the manifestation of the 1D chiral anomaly. However, the
three-dimensional chiral anomaly is rather distinct and requires
the application of both electric and magnetic fields. A simple
way to understand the 3D chiral anomaly is to first consider the
effect of the magnetic field in the clean system, which leads to
Landau levels that disperse only along the field direction. The
zeroth Landau can be shown to be chiral, i.e., it propagates only
along or opposite to the field direction, with reversed velocities
at the two opposite chirality Weyl nodes. Consider a single
isotropic Weyl node with chirality C ¼ "1 that is minimally
coupled to an external magnetic field B ¼ Bẑ,

HC ¼ CvFðp − eAÞ · σ. ð16Þ

Labeling the conservedmomentum along the fieldpB ¼ p · B,
we can set this to zerowherewe recover the problem of a single
2D Dirac node in a field, which is known to have the spectrum
ϵn ¼ ðvFℏ=lBÞsgnðnÞ

ffiffiffiffiffiffi
jnj

p
. In particular, the zeroth Landau

level is at zero energy and is polarized along the B̂ direction
with eigenvalue of σ · B̂ being σB ¼ þ1. This corresponds for
the case of graphene to the sublattice-valley polarization of the
zeroth Landau level. However, in the present context it has the
following remarkable consequence. Reintroducing the
dispersion along the field

Hn¼0
C ¼ CvFpBσB; ð17Þ

we see that for polarizing the spin σB ¼ þ1 implies a one way
propagation of electrons along the magnetic field for C ¼ þ1
and the opposite propagation at the opposite Weyl node
(C ¼ −1). The n ≠ 0 Landau levels in contrast display a
conventional dispersion as shown in Fig. 7(b). Therefore we
can relate the problem of aWSM in 3D in amagnetic field to an
effectively one-dimensional problem where the electrons
propagate purely along the magnetic field lines, forming chiral
one-dimensional channels. Thus, we can utilize the 1D chiral
anomaly formula (14) with the electric field applied along the
magnetic field E ¼ E · B̂. Finally we convert the result into a
three-dimensional density n3DR=L ¼ ð1=AÞn1DR=L, utilizing the
fact that the one-dimensional channels have a cross-sectional
area occupied by a magnetic flux quantum (A ¼ ϕ0=B). This
gives us the result mentioned at the beginning of this section
[Eq. (13)] and previously identified by Nielsen and Ninomiya
(1983). Before we turn to experimental consequences of the
chiral anomaly in the solid-state context, let us discuss a closely
related effect—the chiral magnetic effect (CME).
Consider a WSM which has an effective chemical potential

difference (Δϵ) between the two Weyl nodes and a magnetic
field applied in the direction connecting them (Zyuzin and
Burkov, 2012; Chernodub et al., 2014). A naive application of
the above arguments would suggest that there is a current
along the magnetic field arising from the unequal occupation
of left and right moving chiral modes, giving a current of

jc ¼
e2

h2
BΔϵ: ð18Þ

If such a current exists, it cannot be an equilibrium dc
transport current as no voltage is applied. Moreover it also
cannot be a magnetization current (jmag ¼ ∇ ×M) since this
would imply the transverse components M⊥ ∝ A⊥ (Levitov,
Nazarov, and Eliashberg, 1985). The latter violates gauge
invariance since it is a physical quantity that directly depends
on the vector potential. Indeed in any equilibrium situation the
current must vanish when all contributions from filled
electronic states are taken into account (Kohn, 1964;
Vazifeh and Franz, 2013). However, in a nonequilibrium
setting the current could be nonvanishing. For instance, if an
electric field oscillates at a frequency ω that is faster than the
internode relaxation rate, then a chemical potential difference
between nodes can be induced and an oscillating chiral current
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Effect of B : disperse along the B field direction only
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Effect of E : push/pump electrons from one node to the other 

Landau levels (3D)



Interface and chiral anomaly

Interface : two Weyl nodes of opposite chiralities

pn junction when the magnetic field exceeds a critical value 
(of order 1 Tesla)

�n =
⌧e2

2⇡2~2E ·B
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Magnetic field is applied homogeneously
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FIG. 1. Chiral Veselago lens based on the chiral anomaly. A
uniform magnetic field B is applied to a Weyl semimetal, while the
electric field E is only applied for z < 0, with two metallic gates (left
orange/gold gates). This configuration generates a charge imbalance
between Weyl quasiparticles of opposite chiralities (red and blue
cones) for z < 0 due to the chiral anomaly, while maintaining the
total charge constant. This creates an ideal p-n junction for a single
chirality (blue cones), that Veselago-lenses a measurable nonlocal
current at z > 0, tuned by changing B, and measured by narrow
electrodes (in orange/gold at right).

sgn(vF ) = χ = ±. Weyl cones come in pairs of opposite χ
and, in certain materials, they can be tilted [20] or anisotropic
[17]. Here, we focus on materials where these effects are
negligible, as discussed at the end.

In the presence of electric (E) and magnetic (B) fields, the
transport of Weyl quasiparticles depends on their respective
chirality, as reflected by the continuity equations

∂nχ

∂t
+ ∇ · jχ = χ

e2

2π2 h̄2 E · B, (2)

where n± and j± are, respectively, the charge and current
distributions of carriers with χ = ±. The source term on the
right-hand side creates an imbalance $n between the chiral
charges n+ and n−, without altering the total charge n = n+ +
n−. This term, known as the chiral anomaly, is responsible for
anomalous transport responses, such as the enhancement of
the magnetoconductance of Weyl semimetals [17,21].

The chiral anomaly competes with intervalley scattering,
leading to a charge imbalance between Weyl nodes with
opposite chiralities in the steady state. The intervalley scat-
tering time τ can range from a picosecond in TaAs to a
nanosecond in Na3Bi [22,23]. The chiral charge imbalance
$n = n+ − n− = τe2

2π2 h̄2 E · B equals the carrier density n for
a magnetic field Bc ≡ 2µ3/(3v3e2τE ). For n = 1021 cm−3,
τ = 10−9 s [22–24], and E ≈ 106 V m−1, this crossover field
is Bc = 1 T. Beyond Bc, the chiral anomaly reverses the type
of carriers of one of the Weyl nodes, e.g., from electrons to
holes. Hence, if B > Bc is applied homogeneously and the E
is not homogeneous, e.g., stepwise as illustrated in Fig. 1, the
chiral anomaly creates an effective p-n junction for a single
Weyl chirality.

The main goal of this paper is to explain how to realize
and detect a single-chirality Veselago lens, under the above
conditions. To this end, we discuss spectroscopy and nonlocal
transport responses of a single Weyl cone to determine the
ideal conditions for single-chirality Veselago lensing. Com-
bining the contributions from the two chiralities we discuss
how chiral Veselago lensing can be detected using the simple
setup in Fig. 1. In the Supplemental Material [25] we propose

two related, albeit less practical, devices to detect directly chi-
ral Veselago lensing in spectroscopy and in nonlocal transport.

We model the change in the carrier density with a step-
wise chemical potential, where µL = (µ3 ± 3

2v3e2τE · B)1/3

for z < 0 [23] and µR = µ for z > 0 (L and R denote left and
right of the interface, respectively).

III. CHARGE DISTRIBUTION IN A CHIRAL
VESELAGO LENS

To visualize and understand the ideal conditions for Vese-
lago lensing, we calculate the charge distribution created by
a local potential due to an impurity, or the tip of a STM.
For a local potential V (r) = δ(r∥)δ(z − z0)δV there is a re-
distribution of charge δn(z) = '(z, z0)δV that depends on the
polarizability [26]

'(z, z′) = − 1
2π

∫
dω Tr

[
Ĝ(z, z′)Ĝ(z′, z)

]
, (3)

written in terms of the Green’s function Ĝ(z, z′), where we
account for scattering with a mean free path ℓ ≫ 1/kF (see
Supplemental Material [25] for details).

In Figs. 2(b) and 2(c) we plot the polarizability as a func-
tion of the x and z coordinates. The coordinates are given in
units of 1/kF , and the polarizability in units of µLN0, with
N0 = k3

F /(2π2µL ) being the density of states at z < 0, where
the impurity is located. We compare the case of a single
Weyl chirality with a 3D electron gas, with a quadratic band
structure [25]. In a n-n (or p-p) junction, the charge distribu-
tion shows the usual Friedel oscillations on both sides of the
junction [see Fig. 2(b)]. The period is different on both sides
due to the change in the Fermi wave vector when crossing the
interface [26].

The main difference between the n-n junction in Fig. 2(b)
and the p-n junction in Fig. 2(c) is the appearance of an
image charge as a consequence of Veselago lensing. Veselago
lensing occurs because the in-plane group velocity changes
sign across the interface, vL = −vR, due to the conservation
of the in-plane wave vector k∥. This condition can be met for
both a 3D electron gas and a Weyl semimetal p-n junction, but
the intensity of the image charge is larger for the former than
the latter due to the slower decay of Friedel oscillations in a
normal electron gas [27–30].

However, a drawback of using a 3D electron gas is that the
electron density across the p-n junction is not constant, and
one should expect a built-in interface potential over a finite
distance d . When kF d ≫ 1, we find [25] that the amplitude
of the Veselago image rapidly decays [14]. For typical 3D
metals d > 10 µm, so kF d ≫ 1 [31], implying that the cor-
responding image charge is unobservable in practice [14]. In
contrast, in the chiral Veselago lens in Fig. 1 the total charge
remains constant, and charges are only transferred between
cones of opposite chirality. The electric field extends beyond
the parallel plates on a distance of the order of the distance
between the two plates, so we can expect a sharp interface
potential for thin film samples.

So far we have assumed symmetric p-n junctions, i.e.,
those where kF is equal on both sides of the interface. Devia-
tions from this condition blur and change the location of the
image charge [25]. Reaching ideal lensing is unrealistic with
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FIG. 1. Chiral Veselago lens based on the chiral anomaly. A
uniform magnetic field B is applied to a Weyl semimetal, while the
electric field E is only applied for z < 0, with two metallic gates (left
orange/gold gates). This configuration generates a charge imbalance
between Weyl quasiparticles of opposite chiralities (red and blue
cones) for z < 0 due to the chiral anomaly, while maintaining the
total charge constant. This creates an ideal p-n junction for a single
chirality (blue cones), that Veselago-lenses a measurable nonlocal
current at z > 0, tuned by changing B, and measured by narrow
electrodes (in orange/gold at right).

sgn(vF ) = χ = ±. Weyl cones come in pairs of opposite χ
and, in certain materials, they can be tilted [20] or anisotropic
[17]. Here, we focus on materials where these effects are
negligible, as discussed at the end.

In the presence of electric (E) and magnetic (B) fields, the
transport of Weyl quasiparticles depends on their respective
chirality, as reflected by the continuity equations

∂nχ

∂t
+ ∇ · jχ = χ

e2

2π2 h̄2 E · B, (2)

where n± and j± are, respectively, the charge and current
distributions of carriers with χ = ±. The source term on the
right-hand side creates an imbalance $n between the chiral
charges n+ and n−, without altering the total charge n = n+ +
n−. This term, known as the chiral anomaly, is responsible for
anomalous transport responses, such as the enhancement of
the magnetoconductance of Weyl semimetals [17,21].

The chiral anomaly competes with intervalley scattering,
leading to a charge imbalance between Weyl nodes with
opposite chiralities in the steady state. The intervalley scat-
tering time τ can range from a picosecond in TaAs to a
nanosecond in Na3Bi [22,23]. The chiral charge imbalance
$n = n+ − n− = τe2

2π2 h̄2 E · B equals the carrier density n for
a magnetic field Bc ≡ 2µ3/(3v3e2τE ). For n = 1021 cm−3,
τ = 10−9 s [22–24], and E ≈ 106 V m−1, this crossover field
is Bc = 1 T. Beyond Bc, the chiral anomaly reverses the type
of carriers of one of the Weyl nodes, e.g., from electrons to
holes. Hence, if B > Bc is applied homogeneously and the E
is not homogeneous, e.g., stepwise as illustrated in Fig. 1, the
chiral anomaly creates an effective p-n junction for a single
Weyl chirality.

The main goal of this paper is to explain how to realize
and detect a single-chirality Veselago lens, under the above
conditions. To this end, we discuss spectroscopy and nonlocal
transport responses of a single Weyl cone to determine the
ideal conditions for single-chirality Veselago lensing. Com-
bining the contributions from the two chiralities we discuss
how chiral Veselago lensing can be detected using the simple
setup in Fig. 1. In the Supplemental Material [25] we propose

two related, albeit less practical, devices to detect directly chi-
ral Veselago lensing in spectroscopy and in nonlocal transport.

We model the change in the carrier density with a step-
wise chemical potential, where µL = (µ3 ± 3

2v3e2τE · B)1/3

for z < 0 [23] and µR = µ for z > 0 (L and R denote left and
right of the interface, respectively).

III. CHARGE DISTRIBUTION IN A CHIRAL
VESELAGO LENS

To visualize and understand the ideal conditions for Vese-
lago lensing, we calculate the charge distribution created by
a local potential due to an impurity, or the tip of a STM.
For a local potential V (r) = δ(r∥)δ(z − z0)δV there is a re-
distribution of charge δn(z) = '(z, z0)δV that depends on the
polarizability [26]

'(z, z′) = − 1
2π

∫
dω Tr

[
Ĝ(z, z′)Ĝ(z′, z)

]
, (3)

written in terms of the Green’s function Ĝ(z, z′), where we
account for scattering with a mean free path ℓ ≫ 1/kF (see
Supplemental Material [25] for details).

In Figs. 2(b) and 2(c) we plot the polarizability as a func-
tion of the x and z coordinates. The coordinates are given in
units of 1/kF , and the polarizability in units of µLN0, with
N0 = k3

F /(2π2µL ) being the density of states at z < 0, where
the impurity is located. We compare the case of a single
Weyl chirality with a 3D electron gas, with a quadratic band
structure [25]. In a n-n (or p-p) junction, the charge distribu-
tion shows the usual Friedel oscillations on both sides of the
junction [see Fig. 2(b)]. The period is different on both sides
due to the change in the Fermi wave vector when crossing the
interface [26].

The main difference between the n-n junction in Fig. 2(b)
and the p-n junction in Fig. 2(c) is the appearance of an
image charge as a consequence of Veselago lensing. Veselago
lensing occurs because the in-plane group velocity changes
sign across the interface, vL = −vR, due to the conservation
of the in-plane wave vector k∥. This condition can be met for
both a 3D electron gas and a Weyl semimetal p-n junction, but
the intensity of the image charge is larger for the former than
the latter due to the slower decay of Friedel oscillations in a
normal electron gas [27–30].

However, a drawback of using a 3D electron gas is that the
electron density across the p-n junction is not constant, and
one should expect a built-in interface potential over a finite
distance d . When kF d ≫ 1, we find [25] that the amplitude
of the Veselago image rapidly decays [14]. For typical 3D
metals d > 10 µm, so kF d ≫ 1 [31], implying that the cor-
responding image charge is unobservable in practice [14]. In
contrast, in the chiral Veselago lens in Fig. 1 the total charge
remains constant, and charges are only transferred between
cones of opposite chirality. The electric field extends beyond
the parallel plates on a distance of the order of the distance
between the two plates, so we can expect a sharp interface
potential for thin film samples.

So far we have assumed symmetric p-n junctions, i.e.,
those where kF is equal on both sides of the interface. Devia-
tions from this condition blur and change the location of the
image charge [25]. Reaching ideal lensing is unrealistic with
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FIG. 2. Veselago lensing of a single chirality in spectroscopy and nonlocal transport. (a) Schematic setup to measure Veselago lensing
spectroscopically (see Supplemental Material [25] for a two-chirality setup). (b) The upper plot shows the nonlocal polarizability !(z, z′)
for an n-n junction as a function of z for (x, y) = (0, 0) for both nonrelativistic (dashed) and Weyl band structures (solid). The contour
plot shows !(z, z′) in the (x, z) plane for y = 0 for the Weyl case. (c) Same as (b) for a p-n junction. In (b) and (c) !(z, z′) is given in
units of µN0, with N0 = k3

F /(2π 2µL ) the density of states on the left of the junction. (d) Schematic setup to measure Veselago lensing in
nonlocal transport (see Supplemental Material [25] for a two-chirality setup). (e) and (f) show the nonlocal conductivity σxx (z, z′) for n-n
and p-n junctions, respectively. (b) and (e) are calculated with (m, µ, ℓ)L = (1, 0.5, 50) and (v, µ, ℓ)R = (2, 4, 50) for the nonrelativistic
case, and (v, µ, ℓ)L = (1, 1, 50) and (v, µ, ℓ)R = (1, 2, 50) for the Weyl case. (c) and (f) are calculated with (m, µ, ℓ)L = (1, 0.5, 50) and
(v, µ, ℓ)R = (− 1, − 0.5, 50) for the nonrelativistic case, and (v, µ, ℓ)L = (1, 1, 50) and (v, µ, ℓ)R = (1, − 1, 50) for the Weyl case. In (e) and
(f) the conductivity is given in units of the total conductivity σ0 over the mean free path ℓ (see Supplemental Material [25]).

3D electron gases because finding junctions with equal kF but
opposite carrier types is challenging in practice. Later we will
argue how the chiral anomaly of a 3D Weyl semimetal aids to
tune into this ideal condition by varying the magnetic field.

IV. NONLOCAL TRANSPORT IN A CHIRAL
VESELAGO LENS

While the image charge is convenient to understand how
Veselago lensing can be enhanced (see Supplemental Mate-
rial [25] for a proposed device), surface state contributions
must be factored out [32– 35] to reveal Veselago lensing.
A bulk, nonlocal transport measurement, such as that de-
picted in Fig. 2(d), is in this sense a simpler setup. In a
local electric field E(z) = E0δ(z − z0) the electronic current
jµ(z) = σµν (z, z0)Eν is obtained from the nonlocal conduc-
tivity [36,37]

σµν (z, z′) =
∫

dSzdSz′

πA
Tr

[
ĵµ Im Ĝ(z, z′) ĵν Im Ĝ(z, z′)

]
, (4)

where ĵµ are the components of the current operator, with
µ = x, y, z, and Sz and Sz′ are planes at z and z′ with areas A.
The nonlocal conductivity is a complex quantity that accounts

for the dephasing between the two probes. In Eq. (4) we only
show its real part, which can be measured by averaging the
conductivities obtained after permuting the positions z and z′

of the leads (see Supplemental Material [25]).
In Figs. 2(e) and 2(f), we show the nonlocal conductivity

for an n-n(or p-p) and an n-pjunction. For an n-n junction,
the current is positive and decays exponentially away from
the input electric field, as shown in Fig. 2(e). In contrast, for
the p-n junction, the current changes sign when crossing the
interface and its magnitude peaks close to the image charge,
signaling the presence of a Veselago lens [38]. Note that the
negative current does not violate energy conservation, since
the total current is positive, and is a consequence of the change
of the type of the main carriers.

As with the image Veselago charge, the image Veselago
current is larger for a 3D electron gas than for a Weyl
semimetal, where it oscillates close to zero, but negative on
average. These oscillations are absent in the 3D electron gas
which is a single-band model, and thus we attribute them to
interband excitations that lead to holelike and electronlike
regions. Lastly, we find that ideal lensing is achieved when
both sides of the p-njunction are tuned to have the same kF ,
as for the image Veselago charge.
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FIG. 1. Chiral Veselago lens based on the chiral anomaly. A
uniform magnetic field B is applied to a Weyl semimetal, while the
electric field E is only applied for z < 0, with two metallic gates (left
orange/gold gates). This configuration generates a charge imbalance
between Weyl quasiparticles of opposite chiralities (red and blue
cones) for z < 0 due to the chiral anomaly, while maintaining the
total charge constant. This creates an ideal p-n junction for a single
chirality (blue cones), that Veselago-lenses a measurable nonlocal
current at z > 0, tuned by changing B, and measured by narrow
electrodes (in orange/gold at right).

sgn(vF ) = χ = ±. Weyl cones come in pairs of opposite χ
and, in certain materials, they can be tilted [20] or anisotropic
[17]. Here, we focus on materials where these effects are
negligible, as discussed at the end.

In the presence of electric (E) and magnetic (B) fields, the
transport of Weyl quasiparticles depends on their respective
chirality, as reflected by the continuity equations

∂nχ

∂t
+ ∇ · jχ = χ

e2

2π2 h̄2 E · B, (2)

where n± and j± are, respectively, the charge and current
distributions of carriers with χ = ±. The source term on the
right-hand side creates an imbalance $n between the chiral
charges n+ and n−, without altering the total charge n = n+ +
n−. This term, known as the chiral anomaly, is responsible for
anomalous transport responses, such as the enhancement of
the magnetoconductance of Weyl semimetals [17,21].

The chiral anomaly competes with intervalley scattering,
leading to a charge imbalance between Weyl nodes with
opposite chiralities in the steady state. The intervalley scat-
tering time τ can range from a picosecond in TaAs to a
nanosecond in Na3Bi [22,23]. The chiral charge imbalance
$n = n+ − n− = τe2

2π2 h̄2 E · B equals the carrier density n for
a magnetic field Bc ≡ 2µ3/(3v3e2τE ). For n = 1021 cm−3,
τ = 10−9 s [22–24], and E ≈ 106 V m−1, this crossover field
is Bc = 1 T. Beyond Bc, the chiral anomaly reverses the type
of carriers of one of the Weyl nodes, e.g., from electrons to
holes. Hence, if B > Bc is applied homogeneously and the E
is not homogeneous, e.g., stepwise as illustrated in Fig. 1, the
chiral anomaly creates an effective p-n junction for a single
Weyl chirality.

The main goal of this paper is to explain how to realize
and detect a single-chirality Veselago lens, under the above
conditions. To this end, we discuss spectroscopy and nonlocal
transport responses of a single Weyl cone to determine the
ideal conditions for single-chirality Veselago lensing. Com-
bining the contributions from the two chiralities we discuss
how chiral Veselago lensing can be detected using the simple
setup in Fig. 1. In the Supplemental Material [25] we propose

two related, albeit less practical, devices to detect directly chi-
ral Veselago lensing in spectroscopy and in nonlocal transport.

We model the change in the carrier density with a step-
wise chemical potential, where µL = (µ3 ± 3

2v3e2τE · B)1/3

for z < 0 [23] and µR = µ for z > 0 (L and R denote left and
right of the interface, respectively).

III. CHARGE DISTRIBUTION IN A CHIRAL
VESELAGO LENS

To visualize and understand the ideal conditions for Vese-
lago lensing, we calculate the charge distribution created by
a local potential due to an impurity, or the tip of a STM.
For a local potential V (r) = δ(r∥)δ(z − z0)δV there is a re-
distribution of charge δn(z) = '(z, z0)δV that depends on the
polarizability [26]

'(z, z′) = − 1
2π

∫
dω Tr

[
Ĝ(z, z′)Ĝ(z′, z)

]
, (3)

written in terms of the Green’s function Ĝ(z, z′), where we
account for scattering with a mean free path ℓ ≫ 1/kF (see
Supplemental Material [25] for details).

In Figs. 2(b) and 2(c) we plot the polarizability as a func-
tion of the x and z coordinates. The coordinates are given in
units of 1/kF , and the polarizability in units of µLN0, with
N0 = k3

F /(2π2µL ) being the density of states at z < 0, where
the impurity is located. We compare the case of a single
Weyl chirality with a 3D electron gas, with a quadratic band
structure [25]. In a n-n (or p-p) junction, the charge distribu-
tion shows the usual Friedel oscillations on both sides of the
junction [see Fig. 2(b)]. The period is different on both sides
due to the change in the Fermi wave vector when crossing the
interface [26].

The main difference between the n-n junction in Fig. 2(b)
and the p-n junction in Fig. 2(c) is the appearance of an
image charge as a consequence of Veselago lensing. Veselago
lensing occurs because the in-plane group velocity changes
sign across the interface, vL = −vR, due to the conservation
of the in-plane wave vector k∥. This condition can be met for
both a 3D electron gas and a Weyl semimetal p-n junction, but
the intensity of the image charge is larger for the former than
the latter due to the slower decay of Friedel oscillations in a
normal electron gas [27–30].

However, a drawback of using a 3D electron gas is that the
electron density across the p-n junction is not constant, and
one should expect a built-in interface potential over a finite
distance d . When kF d ≫ 1, we find [25] that the amplitude
of the Veselago image rapidly decays [14]. For typical 3D
metals d > 10 µm, so kF d ≫ 1 [31], implying that the cor-
responding image charge is unobservable in practice [14]. In
contrast, in the chiral Veselago lens in Fig. 1 the total charge
remains constant, and charges are only transferred between
cones of opposite chirality. The electric field extends beyond
the parallel plates on a distance of the order of the distance
between the two plates, so we can expect a sharp interface
potential for thin film samples.

So far we have assumed symmetric p-n junctions, i.e.,
those where kF is equal on both sides of the interface. Devia-
tions from this condition blur and change the location of the
image charge [25]. Reaching ideal lensing is unrealistic with
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FIG. 2. Veselago lensing of a single chirality in spectroscopy and nonlocal transport. (a) Schematic setup to measure Veselago lensing
spectroscopically (see Supplemental Material [25] for a two-chirality setup). (b) The upper plot shows the nonlocal polarizability !(z, z′)
for an n-n junction as a function of z for (x, y) = (0, 0) for both nonrelativistic (dashed) and Weyl band structures (solid). The contour
plot shows !(z, z′) in the (x, z) plane for y = 0 for the Weyl case. (c) Same as (b) for a p-n junction. In (b) and (c) !(z, z′) is given in
units of µN0, with N0 = k3

F /(2π 2µL ) the density of states on the left of the junction. (d) Schematic setup to measure Veselago lensing in
nonlocal transport (see Supplemental Material [25] for a two-chirality setup). (e) and (f) show the nonlocal conductivity σxx (z, z′) for n-n
and p-n junctions, respectively. (b) and (e) are calculated with (m, µ, ℓ)L = (1, 0.5, 50) and (v, µ, ℓ)R = (2, 4, 50) for the nonrelativistic
case, and (v, µ, ℓ)L = (1, 1, 50) and (v, µ, ℓ)R = (1, 2, 50) for the Weyl case. (c) and (f) are calculated with (m, µ, ℓ)L = (1, 0.5, 50) and
(v, µ, ℓ)R = (− 1, − 0.5, 50) for the nonrelativistic case, and (v, µ, ℓ)L = (1, 1, 50) and (v, µ, ℓ)R = (1, − 1, 50) for the Weyl case. In (e) and
(f) the conductivity is given in units of the total conductivity σ0 over the mean free path ℓ (see Supplemental Material [25]).

3D electron gases because finding junctions with equal kF but
opposite carrier types is challenging in practice. Later we will
argue how the chiral anomaly of a 3D Weyl semimetal aids to
tune into this ideal condition by varying the magnetic field.

IV. NONLOCAL TRANSPORT IN A CHIRAL
VESELAGO LENS

While the image charge is convenient to understand how
Veselago lensing can be enhanced (see Supplemental Mate-
rial [25] for a proposed device), surface state contributions
must be factored out [32– 35] to reveal Veselago lensing.
A bulk, nonlocal transport measurement, such as that de-
picted in Fig. 2(d), is in this sense a simpler setup. In a
local electric field E(z) = E0δ(z − z0) the electronic current
jµ(z) = σµν (z, z0)Eν is obtained from the nonlocal conduc-
tivity [36,37]

σµν (z, z′) =
∫

dSzdSz′

πA
Tr

[
ĵµ Im Ĝ(z, z′) ĵν Im Ĝ(z, z′)

]
, (4)

where ĵµ are the components of the current operator, with
µ = x, y, z, and Sz and Sz′ are planes at z and z′ with areas A.
The nonlocal conductivity is a complex quantity that accounts

for the dephasing between the two probes. In Eq. (4) we only
show its real part, which can be measured by averaging the
conductivities obtained after permuting the positions z and z′

of the leads (see Supplemental Material [25]).
In Figs. 2(e) and 2(f), we show the nonlocal conductivity

for an n-n(or p-p) and an n-pjunction. For an n-n junction,
the current is positive and decays exponentially away from
the input electric field, as shown in Fig. 2(e). In contrast, for
the p-n junction, the current changes sign when crossing the
interface and its magnitude peaks close to the image charge,
signaling the presence of a Veselago lens [38]. Note that the
negative current does not violate energy conservation, since
the total current is positive, and is a consequence of the change
of the type of the main carriers.

As with the image Veselago charge, the image Veselago
current is larger for a 3D electron gas than for a Weyl
semimetal, where it oscillates close to zero, but negative on
average. These oscillations are absent in the 3D electron gas
which is a single-band model, and thus we attribute them to
interband excitations that lead to holelike and electronlike
regions. Lastly, we find that ideal lensing is achieved when
both sides of the p-njunction are tuned to have the same kF ,
as for the image Veselago charge.
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FIG. 2. Veselago lensing of a single chirality in spectroscopy and nonlocal transport. (a) Schematic setup to measure Veselago lensing
spectroscopically (see Supplemental Material [25] for a two-chirality setup). (b) The upper plot shows the nonlocal polarizability !(z, z′)
for an n-n junction as a function of z for (x, y) = (0, 0) for both nonrelativistic (dashed) and Weyl band structures (solid). The contour
plot shows !(z, z′) in the (x, z) plane for y = 0 for the Weyl case. (c) Same as (b) for a p-n junction. In (b) and (c) !(z, z′) is given in
units of µN0, with N0 = k3

F /(2π 2µL ) the density of states on the left of the junction. (d) Schematic setup to measure Veselago lensing in
nonlocal transport (see Supplemental Material [25] for a two-chirality setup). (e) and (f) show the nonlocal conductivity σxx (z, z′) for n-n
and p-n junctions, respectively. (b) and (e) are calculated with (m, µ, ℓ)L = (1, 0.5, 50) and (v, µ, ℓ)R = (2, 4, 50) for the nonrelativistic
case, and (v, µ, ℓ)L = (1, 1, 50) and (v, µ, ℓ)R = (1, 2, 50) for the Weyl case. (c) and (f) are calculated with (m, µ, ℓ)L = (1, 0.5, 50) and
(v, µ, ℓ)R = (− 1, − 0.5, 50) for the nonrelativistic case, and (v, µ, ℓ)L = (1, 1, 50) and (v, µ, ℓ)R = (1, − 1, 50) for the Weyl case. In (e) and
(f) the conductivity is given in units of the total conductivity σ0 over the mean free path ℓ (see Supplemental Material [25]).

3D electron gases because finding junctions with equal kF but
opposite carrier types is challenging in practice. Later we will
argue how the chiral anomaly of a 3D Weyl semimetal aids to
tune into this ideal condition by varying the magnetic field.

IV. NONLOCAL TRANSPORT IN A CHIRAL
VESELAGO LENS

While the image charge is convenient to understand how
Veselago lensing can be enhanced (see Supplemental Mate-
rial [25] for a proposed device), surface state contributions
must be factored out [32– 35] to reveal Veselago lensing.
A bulk, nonlocal transport measurement, such as that de-
picted in Fig. 2(d), is in this sense a simpler setup. In a
local electric field E(z) = E0δ(z − z0) the electronic current
jµ(z) = σµν (z, z0)Eν is obtained from the nonlocal conduc-
tivity [36,37]

σµν (z, z′) =
∫

dSzdSz′

πA
Tr

[
ĵµ Im Ĝ(z, z′) ĵν Im Ĝ(z, z′)

]
, (4)

where ĵµ are the components of the current operator, with
µ = x, y, z, and Sz and Sz′ are planes at z and z′ with areas A.
The nonlocal conductivity is a complex quantity that accounts

for the dephasing between the two probes. In Eq. (4) we only
show its real part, which can be measured by averaging the
conductivities obtained after permuting the positions z and z′

of the leads (see Supplemental Material [25]).
In Figs. 2(e) and 2(f), we show the nonlocal conductivity

for an n-n(or p-p) and an n-pjunction. For an n-n junction,
the current is positive and decays exponentially away from
the input electric field, as shown in Fig. 2(e). In contrast, for
the p-n junction, the current changes sign when crossing the
interface and its magnitude peaks close to the image charge,
signaling the presence of a Veselago lens [38]. Note that the
negative current does not violate energy conservation, since
the total current is positive, and is a consequence of the change
of the type of the main carriers.

As with the image Veselago charge, the image Veselago
current is larger for a 3D electron gas than for a Weyl
semimetal, where it oscillates close to zero, but negative on
average. These oscillations are absent in the 3D electron gas
which is a single-band model, and thus we attribute them to
interband excitations that lead to holelike and electronlike
regions. Lastly, we find that ideal lensing is achieved when
both sides of the p-njunction are tuned to have the same kF ,
as for the image Veselago charge.
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Conclusion

Veselago effect allows focalisation of a beam by a single flat interface  
between materials with « opposite » dispersions. This is implemented by  
pn junctions in Dirac materials  

Those pn junctions can be created either by : 

-  electrostatic doping (2D) 
-  the chiral anomaly pumping. In this case, the focusing is 
    also chirality sensitive

Graphene and Weyl : Zero gap allows transparent interfaces



Thank you !
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FIG. 2. Veselago lensing of a single chirality in spectroscopy and nonlocal transport. (a) Schematic setup to measure Veselago lensing
spectroscopically (see Supplemental Material [25] for a two-chirality setup). (b) The upper plot shows the nonlocal polarizability !(z, z′)
for an n-n junction as a function of z for (x, y) = (0, 0) for both nonrelativistic (dashed) and Weyl band structures (solid). The contour
plot shows !(z, z′) in the (x, z) plane for y = 0 for the Weyl case. (c) Same as (b) for a p-n junction. In (b) and (c) !(z, z′) is given in
units of µN0, with N0 = k3

F /(2π 2µL ) the density of states on the left of the junction. (d) Schematic setup to measure Veselago lensing in
nonlocal transport (see Supplemental Material [25] for a two-chirality setup). (e) and (f) show the nonlocal conductivity σxx (z, z′) for n-n
and p-n junctions, respectively. (b) and (e) are calculated with (m, µ, ℓ)L = (1, 0.5, 50) and (v, µ, ℓ)R = (2, 4, 50) for the nonrelativistic
case, and (v, µ, ℓ)L = (1, 1, 50) and (v, µ, ℓ)R = (1, 2, 50) for the Weyl case. (c) and (f) are calculated with (m, µ, ℓ)L = (1, 0.5, 50) and
(v, µ, ℓ)R = (− 1, − 0.5, 50) for the nonrelativistic case, and (v, µ, ℓ)L = (1, 1, 50) and (v, µ, ℓ)R = (1, − 1, 50) for the Weyl case. In (e) and
(f) the conductivity is given in units of the total conductivity σ0 over the mean free path ℓ (see Supplemental Material [25]).

3D electron gases because finding junctions with equal kF but
opposite carrier types is challenging in practice. Later we will
argue how the chiral anomaly of a 3D Weyl semimetal aids to
tune into this ideal condition by varying the magnetic field.

IV. NONLOCAL TRANSPORT IN A CHIRAL
VESELAGO LENS

While the image charge is convenient to understand how
Veselago lensing can be enhanced (see Supplemental Mate-
rial [25] for a proposed device), surface state contributions
must be factored out [32– 35] to reveal Veselago lensing.
A bulk, nonlocal transport measurement, such as that de-
picted in Fig. 2(d), is in this sense a simpler setup. In a
local electric field E(z) = E0δ(z − z0) the electronic current
jµ(z) = σµν (z, z0)Eν is obtained from the nonlocal conduc-
tivity [36,37]

σµν (z, z′) =
∫

dSzdSz′

πA
Tr

[
ĵµ Im Ĝ(z, z′) ĵν Im Ĝ(z, z′)

]
, (4)

where ĵµ are the components of the current operator, with
µ = x, y, z, and Sz and Sz′ are planes at z and z′ with areas A.
The nonlocal conductivity is a complex quantity that accounts

for the dephasing between the two probes. In Eq. (4) we only
show its real part, which can be measured by averaging the
conductivities obtained after permuting the positions z and z′

of the leads (see Supplemental Material [25]).
In Figs. 2(e) and 2(f), we show the nonlocal conductivity

for an n-n(or p-p) and an n-pjunction. For an n-n junction,
the current is positive and decays exponentially away from
the input electric field, as shown in Fig. 2(e). In contrast, for
the p-n junction, the current changes sign when crossing the
interface and its magnitude peaks close to the image charge,
signaling the presence of a Veselago lens [38]. Note that the
negative current does not violate energy conservation, since
the total current is positive, and is a consequence of the change
of the type of the main carriers.

As with the image Veselago charge, the image Veselago
current is larger for a 3D electron gas than for a Weyl
semimetal, where it oscillates close to zero, but negative on
average. These oscillations are absent in the 3D electron gas
which is a single-band model, and thus we attribute them to
interband excitations that lead to holelike and electronlike
regions. Lastly, we find that ideal lensing is achieved when
both sides of the p-njunction are tuned to have the same kF ,
as for the image Veselago charge.
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FIG. 2. Veselago lensing of a single chirality in spectroscopy and nonlocal transport. (a) Schematic setup to measure Veselago lensing
spectroscopically (see Supplemental Material [25] for a two-chirality setup). (b) The upper plot shows the nonlocal polarizability !(z, z′)
for an n-n junction as a function of z for (x, y) = (0, 0) for both nonrelativistic (dashed) and Weyl band structures (solid). The contour
plot shows !(z, z′) in the (x, z) plane for y = 0 for the Weyl case. (c) Same as (b) for a p-n junction. In (b) and (c) !(z, z′) is given in
units of µN0, with N0 = k3

F /(2π 2µL ) the density of states on the left of the junction. (d) Schematic setup to measure Veselago lensing in
nonlocal transport (see Supplemental Material [25] for a two-chirality setup). (e) and (f) show the nonlocal conductivity σxx (z, z′) for n-n
and p-n junctions, respectively. (b) and (e) are calculated with (m, µ, ℓ)L = (1, 0.5, 50) and (v, µ, ℓ)R = (2, 4, 50) for the nonrelativistic
case, and (v, µ, ℓ)L = (1, 1, 50) and (v, µ, ℓ)R = (1, 2, 50) for the Weyl case. (c) and (f) are calculated with (m, µ, ℓ)L = (1, 0.5, 50) and
(v, µ, ℓ)R = (− 1, − 0.5, 50) for the nonrelativistic case, and (v, µ, ℓ)L = (1, 1, 50) and (v, µ, ℓ)R = (1, − 1, 50) for the Weyl case. In (e) and
(f) the conductivity is given in units of the total conductivity σ0 over the mean free path ℓ (see Supplemental Material [25]).

3D electron gases because finding junctions with equal kF but
opposite carrier types is challenging in practice. Later we will
argue how the chiral anomaly of a 3D Weyl semimetal aids to
tune into this ideal condition by varying the magnetic field.

IV. NONLOCAL TRANSPORT IN A CHIRAL
VESELAGO LENS

While the image charge is convenient to understand how
Veselago lensing can be enhanced (see Supplemental Mate-
rial [25] for a proposed device), surface state contributions
must be factored out [32– 35] to reveal Veselago lensing.
A bulk, nonlocal transport measurement, such as that de-
picted in Fig. 2(d), is in this sense a simpler setup. In a
local electric field E(z) = E0δ(z − z0) the electronic current
jµ(z) = σµν (z, z0)Eν is obtained from the nonlocal conduc-
tivity [36,37]

σµν (z, z′) =
∫

dSzdSz′

πA
Tr

[
ĵµ Im Ĝ(z, z′) ĵν Im Ĝ(z, z′)

]
, (4)

where ĵµ are the components of the current operator, with
µ = x, y, z, and Sz and Sz′ are planes at z and z′ with areas A.
The nonlocal conductivity is a complex quantity that accounts

for the dephasing between the two probes. In Eq. (4) we only
show its real part, which can be measured by averaging the
conductivities obtained after permuting the positions z and z′

of the leads (see Supplemental Material [25]).
In Figs. 2(e) and 2(f), we show the nonlocal conductivity

for an n-n(or p-p) and an n-pjunction. For an n-n junction,
the current is positive and decays exponentially away from
the input electric field, as shown in Fig. 2(e). In contrast, for
the p-n junction, the current changes sign when crossing the
interface and its magnitude peaks close to the image charge,
signaling the presence of a Veselago lens [38]. Note that the
negative current does not violate energy conservation, since
the total current is positive, and is a consequence of the change
of the type of the main carriers.

As with the image Veselago charge, the image Veselago
current is larger for a 3D electron gas than for a Weyl
semimetal, where it oscillates close to zero, but negative on
average. These oscillations are absent in the 3D electron gas
which is a single-band model, and thus we attribute them to
interband excitations that lead to holelike and electronlike
regions. Lastly, we find that ideal lensing is achieved when
both sides of the p-njunction are tuned to have the same kF ,
as for the image Veselago charge.
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Quantum interference and Klein tunnelling in
graphene heterojunctions
Andrea F. Young and Philip Kim*

The observation of quantum conductance oscillations in
mesoscopic systems has traditionally required the confinement
of the carriers to a phase space of reduced dimensionality1–4.
Although electron optics such as lensing5 and focusing6

have been demonstrated experimentally, building a collimated
electron interferometer in two unconfined dimensions has
remained a challenge owing to the difficulty of creating
electrostatic barriers that are sharp on the order of the
electron wavelength7. Here, we report the observation
of conductance oscillations in extremely narrow graphene
heterostructures where a resonant cavity is formed between
two electrostatically created bipolar junctions. Analysis of the
oscillations confirms that p–n junctions have a collimating
effect on ballistically transmitted carriers8. The phase shift
observed in the conductance fringes at low magnetic fields is
a signature of the perfect transmission of carriers normally
incident on the junctions9 and thus constitutes a direct
experimental observation of ‘Klein tunnelling’10–12.

Owing to the suppression of backscattering13 and its amenability
to flexible lithographic manipulation, graphene provides an ideal
medium to realize the quantum engineering of electron wave-
functions. The gapless spectrum in graphene enables the creation
of adjacent regions of positive and negative doping, offering an
opportunity to study the peculiar carrier dynamics of the chiral
graphene quasiparticles8,10–12 and a flexible platform for the realiza-
tion of a variety of unconventional electronic devices14–17. Previous
experiments on graphene p–n junctions18–25 were limited in scope
by the diffusive nature of the transport beneath the local electro-
static gates; we overcome such limitations by fabricating extremely
narrow (∼20 nm) local gates strongly capacitively coupled to the
graphene channel (Fig. 1a,b). Electrostatics simulations based on
finite-element analysis (see Supplementary Information) show that
the carrier densities in the locally gated region (LGR) and the
‘graphene leads’—n2 and n1, respectively—can be controlled inde-
pendently by applying bias voltages to the top gate (VTG) and the
back gate (VBG). The width of the LGR, L, is defined as the distance
between the two zero-density points. As in previous studies21, the
conductance map as a function of VTG and VBG (Fig. 1c) can be
partitioned into quadrants corresponding to the different signs of
n1 and n2, with a lowered conductance observed when n1n2<0. The
mean free path in the bulk of the sample, lm !100 nm, was extracted
from the relation σ = (2e2/h)kFlm between the conductivity and
Fermi momentum, kF. As L " 100 nm within the experimentally
accessible density regime, we expect a significant portion of the
transport to be ballistic in the LGR.

In the bipolar regime, the diffusive resistance of the LGR is
negligible in comparison with the highly resistive p–n junctions;
as a result, the conductance does not increase with increasing
magnitude of the charge density in the LGR (ref. 22). We note
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that the magnitude of this conductance step is only ∼60% as large
as expected for a fully ballistic heterojunction even after taking
into account the enhancement of the junction transparency due
to nonlinear screening26; this suggests that there is still a large
diffusive component to the transport through the heterojunction.
Nevertheless, each trace exhibits an oscillating conductance as a
function of VTG when the carriers in the LGR and ‘graphene leads’
have opposite sign.

The regular structure of these oscillations is apparent when
the numerical derivative of the measured conductance is plotted
as a function of n1 and n2 (Fig. 2a). Although there is a weak
dependence of the oscillation phase on n1 reflecting the influence
of the back gate on the heterojunction potential profile, the
oscillations are primarily a function of n2, confirming their origin
in cavity resonances in the LGR. The oscillations, which arise
from interference between electron waves in the LGR, are not
periodic in any variables because of the strong dependence of
the LGR width, L, and junction electric field, E , on the device
electrostatics. Still, the conductance maxima are separated in
density by roughly "n2 ∼ 1×1012 cm−2, in agreement with a naive
estimate "n2 ∼ (4

√
πn2/L) for the resonant densities in a cavity

of width L ∼ 100 nm. The application of an external magnetic
field shifts the phase of the oscillations, with individual oscillation
extrema moving towards higher density |n2| and the transmission
resonances appearing to be adiabatically connected to the high-field
Shubnikov–de Haas oscillations (Fig. 2d).

Graphene heterojunctions offer the opportunity to study an
old problem in relativistic quantum mechanics: the tunnelling of
relativistic electrons through a potential barrier10,11. In the context
of the graphene p–n junction, this ‘Klein tunnelling’ manifests as
the combination of the absence of backscattering with momentum
conservation parallel to a straight p–n interface: normally incident
particles, bound to conserve their transverse momentum, ky = 0,
and forbidden from scattering directly backwards, are predicted
to tunnel through such symmetric potential barriers with unit
probability. In contrast, particles obliquely incident on a barrier that
is smooth on the atomic lattice scale encounter classically forbidden
regions where the real part of the perpendicular momentum
vanishes. These regions, which form about the centre of individual
p–n junctions, transmit obliquely incident carriers only though
quantum tunnelling, leading to an exponential collimation of
ballistic carriers passing through graphene p–n junctions8,

∣∣T (ky)
∣∣2 = e−π!vF k2y /(eE) (1)

where vF is the Fermi velocity of graphene.
Considerable experimental effort has been expended trying to

verify equation (1) by matching bulk resistance measurements
across a p–n junctions with their expected values19,22,24. Such an
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